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1. Mains

1.1. Defintions.

Def 1.1. Let f : X → Y be a function. The support of f is the smallest closed set A such that
f |X\A = 0.

Def 1.2. A 1-jet of a function u(x1, . . . , xn) at a point (x01, . . . , x
0
n) in the domain of u is an

(n+ 1)-tuple of the form(
∂u

∂x1
(x01, . . . , x

0
n), . . . ,

∂u

∂xn
(x01, . . . , x

0
n), u(x01, . . . , x

0
n)

)
Def 1.3. A functional is a function f : X → Y such that X is a space of functions, where

ϕ 7→ 〈f, ϕ〉 =

∫
R
f(x)ϕ(x)dx

Functionals satisfy the following relations:
1. 〈f(x)g(y), ϕ(x)ψ(y)〉 = 〈f(x), ϕ(x)〉〈g(y), ψ(y)〉
2. 〈f(x− x0), ϕ(x)〉 = 〈f(x), ϕ(x+ x0)〉

Def 1.4. A distribution is a continuous linear functional.

Def 1.5. Let a differential operator be given, for α ∈ Rn, by

D =
∑
|α|6m

aα∂
α

Then a fundamental solution of D is a distribution u such that Du = δ.

Def 1.6. Given two functions f, g on Rn, the convolution of the two functions is given by

(f ∗ g)(x) =

∫ Rn

f(x− y)g(y)dy

1.2. Theorems.

Thm 1.1. Let L be a differential operator with constant coefficients, and E(x) its fundamental
solution (i.e. LE = δ). Then E ∗ f is a particular solution to the equation Lu = f .

Thm 1.2. The general solution of a non-homogeneous equation is the sum of the general solution
of the homogeneous equation and a particular solution of the non-homogeneous equation.
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2. Fundamentals

a =

√
T

σ

utt = a2uxx

a : Acceleration, ms−2

T : Tension, kg ·ms−2
σ : Density, kg ·m−3
uij : Derivative wrt i of derivative wrt j of u

3. Strings

· D’Alembert equation, half-bounded

u(x, t) =
1

2
(ϕ(x+ at) + ϕ(x− at)) +

1

2a

∫ x+at

x−at
ψ(y)dy

· String equation, bounded

u(x, t) =

∞∑
n=1

(
An sin

(
πant

`

)
+Bn cos

(
πant

`

))
sin
(πnx

`

)
An =

2

πan

∫ `

0
ψ(x) sin

(πnx
`

)
dx

Bn =
2

`

∫ `

0
ϕ(x) sin

(πnx
`

)
· Total energy

E(t) =
1

2

∫ b

a
ρu2tdx+

1

2

∫ b

a
Tu2xdx

ϕ(x) : Initial shape
ψ(x) : Initial velocity

4. Operators and special functions

· Laplacian

4 =
∂2

∂x21
+

∂2

∂x22
+ · · ·+ ∂2

∂x2n
· Gamma function of Poisson integral

Γ(t, x) = (2a
√
πt)nexp

{
−x2

4a2t

}
5. Fundamental solutions

· Particular for Laplacian

En(x) =

{
r2−n

(2−n)σn−1
n > 3

ln(r)
2π n = 2

σn : Volume of the sphere Sn
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