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0.1 Introduction

Definition 0.1.1. An optimization problem is of the type
min  f(x)

st. cg(z)=0 i€
cij(x) 20 jeZI

where f(z) is the objective function, the ¢; are the equality constraints, and the ¢; are the inequality constraints.
-if £ =7 = (), then we have an unconstrained optimization problem
- otherwise the problem is one of constrained optimization

Definition 0.1.2. If not all the constraints are known at the time of formulation, a problem still can be
created, based on how the model is expected to perform. In this case we call it a stochastic problem.

Definition 0.1.3. A set S C R" is termed convex if Az + (1 — ANy € S forall z,y € S and 0 < A < 1.
Definition 0.1.4. A function f: X — Y is termed convex if X is convex and for all z,y € X and A € [0, 1]
fOz+ (1= Ny) <Af(@) + (1= N f(y)

Conversely, a function g is termed concave if —g is convex.

Definition 0.1.5. A convex optimization problem is one that has

- a convex objective function
- linear equality constraints
- concave inequality constraints

1 Unconstrained optimization

This is our main model that we will be using:

min  f(x) . min  f(x)
s.t. (();% zeeé — st. glz)eK

reNQCR? z €

m

Above right we have the objective function acting on the unknowns (also variables, parameters) subject to
the equality, inequality, and simple constraints.

Above left, g(x) = (cil@))ie € R™*? for |€| = m and |Z| = p where K is a cone (or is convex).
(¢j(@))jez

1.1 Definitions
Definition 1.1.1. A point z € X is a global minimizer of a function f: X — Y if f(z) < f(y) Vy € X.

Definition 1.1.2. A point x € X is a local minimizer of a function f : X — Y if there is some neighborhood
N > z such that f(z) < f(y) Vy € N.

- To a local minimizer we may apply the adjectives weak, strict, and isolated.

Definition 1.1.3. Given a function f, the epigraph of f is “the region above f, i.e. the set

epi(f) == {(r,2)} | f(z) <7}

Remark 1.1.4. Note that a function f is convex iff epi(f) is convex. Moreover, f being convex = f is
locally Lipschitz = f is differentiable almost everywhere.



Definition 1.1.5. Suppose we have two sequences {n;} and {vy}. Then we say
{nk} is O{wk}) <= |nk| < clyg] for all k for some constant ¢

{me} is o{ue}) = {24520

1.2 Optimality conditions
Theorem 1.2.1. [TAYLOR]
Taylor’s theorem may be concisely stated, if ,p € R™ and t € (0, 1), as:
fla+p) = flx) + Vi@ +ip)Tp
= (@) + V(@) p+ 3p"V2f(x+tp)p
= f(@) + Vf(2)"p+ 30" V2 f(@)p + o(|Ip]?)

Definition 1.2.2. If z* in the domain of a function f is such that Vf(z*) = 0, then z* is termed a
stationary point.

Definition 1.2.3. A matrix A € M,,x,, is termed positive semi-definite if z7 Az > 0 for all nonzero z € R™.
The matrix is termed positive definite if the inequality is strict.

Theorem 1.2.4. [FERMAT / FIRST ORDER NECESSARY OPTIMALITY]
Let f € C! in a neighborhood of a local minimum x* of f. Then V f(z*) = 0.

Theorem 1.2.5. [SECOND ORDER NECESSARY OPTIMALITY]
Let f € C? in a neighborhood of a local minimum z* of f. Then Vf(z*) =0 and V2f(z*) > 0.

Theorem 1.2.6. [SECOND ORDER SUFFICIENT OPTIMALITY]
Let f € C? in a neighborhood of a local minimum z* of f with Vf(2*) = 0 and V2f(z*) > 0. Then z* is a
strict local minimum.

Theorem 1.2.7. Consider z* = min ¢(z) = %xTQx — bTx. Then the following are equivalent:

1. g(z) is bounded below
2. @ > 0,Qx = b is consistent
3. X* = Q 'bis a global optimum

Remark 1.2.8. If f is convex, then any local minimum is a global minimum. Moreover, if f € C!, then
any stationary point is a global minimum.

1.3 Line search methods

Definition 1.3.1. Given an objective function f(z) and a starting point xy and a search direction p, the
line search method attempts to solve

min f (zo + ap)
And every next iteration is given by xpy1 = ) + apg for oy the step length.
Proposition 1.3.2. There are several descent directions that may be applied:

steepest descent: pp = —V f(zk)
Newton’s: pr = —(V2f(zk)) 'V f(zk)
quasi-Newton: py, = —B, 'V f(z)
conjugate gradient: py = —V f(zx) + Bepr_1

Note that Newton always has step length 1, By is some sort of approximation of V2 f(x), and 3 ensures
that pr and pr_1 are conjugate.



Definition 1.3.3. The process of scaling is the making of the substitution Ay + a — x in a problem.

Theorem 1.3.4. [WOLFE CONDITIONS]
Suppose the search direction at xy is pg, and oy € argmingso f(zx + apy) and the conditions:

L f(xr + apr) < far) + alenV f(zr)pr)
IL Vf(zr + owpr) pe = 2V f(@r) pr

are satisfied, where 0 < ¢; < ¢a < 1. Then the search will go much faster. Sometimes we add
IIL. |V f(xr + apr)Tor| < co| V(xr) il
to replace II., which we then call the strong Wolfe conditions.

Lemma 1.3.5. Suppose that f is bounded below in the search direction pj for f sufficiently smooth and
0 < ¢1 < c2 < 1. Then there exist step lengths that satisfy the Wolfe conditions.

Proof: See page 35 in Nocedal & Wright.

Theorem 1.3.6. [ZOUTENDIJK]

Suppose that for min f(x) with x511 = xpagrpr the Wolfe conditions are satisfied, and
- f is bounded below
- f is C! on a neighborhood N of
- Vf is Lipschitz continuous on N

Then, if 6 is the angle between py and —V f(xy),

26052(9k)||vf(xk)\|2 <00

k>0

Remark 1.3.7. The above, with some manipulation, implies that klim [Vf(xg)] =0.
:— 00

Definition 1.3.8. For @ € M,,«,,, define the weighted inner product | - [|o by ||x||% =27 Qux for z € R™.

Lemma 1.3.9. [KANTOROVICH]
Let Q € M, x, with @ = QT > 0 and € R”. Then

(IL’TJZ)2 > 4)\min(Q)>\max(Q)
JL‘TQ.Z'.%‘TQ_I-Z‘ - ()\min(Q) + )‘maX(Q))Q

Theorem 1.3.10. Let f : R” — R be a C? function. Suppose we apply exact line search to generate a
sequence () with z;,———>z*. Moreover, suppose V2 f(z*) > 0 and Vf(z*) = 0. Then

k—oco

An*)\l
An"')\l

Flere) - () < ( ) (fax) — F(=*))

for Ay < Ay < --- <\, the eigenvalues of V2 f(z*).

1.4 Trust region methods

Definition 1.4.1. Given an objective function f(z), a starting point z¢ and a model my(x) of f around g,
the trust region method attempts to solve

min mg(xo + p)
P

such that zy + p always lies inside some predefined trust region.



Definition 1.4.2. The trust region subproblem (TRS), for By ~ V2 f(xy) is given by

min  f(zx) + Vf(2x) pr + 50F Brpe
s.t. ||pk|| <A

This is quadratic minimization with one constraint, where we minimize over py.

Definition 1.4.3. Define the actual reduction and the predicted reduction in the ratio

fak) = f(or + pr)
my(0) — mg(pr)

Pk =

Note that if pr < 0, then the trust region is too large, and must be decreased. If pp ~ 1, we may increase
the trust region size safely.

Theorem 1.4.4. The point p* solves the TRS iff there exists a A such that

(Bi + M)p* = =V f(xr)A }dual feasibility

By, +X >0 d di
"Il < Ak } primal feasibility fnodern patadighit
A||A*]] — Ag) =0 } complementary slackness

where Ay, € (0, A*) for all k.

1.5 Conjugate gradient methods

Definition 1.5.1. A set of nonzero vectors {vo,...,v,} is termed conjugate wrt A if v] Av; = 0 iff i # j.
Lemma 1.5.2. A conjugate set is linearly independent.

Definition 1.5.3. Suppose we begin with A € M,,«,, and a problem
mmin 1aT Az — bz = ()
Then with a given set of conjugate vectors {p1,...,pn}, we solve
ngn o(zr + apy)

This is termed the conjugate gradient method (CG).

Definition 1.5.4. With respct to the above, the expression Vip(z) = r(x) = Az — b is termed the residue.
Theorem 1.5.5. For any starting point, the conjugate gradient method converges in at most n steps.

Proposition 1.5.6. Recall, from above, that to find the set of conjugate direction vectors, we use the
calculation pp = —V f(zx) + Brpr—1. To make the CG method practical, we use

T
T Tk

T
_ _ TkJrl’r‘k
- T
P, Apr

Br =

T’grk

Theorem 1.5.7. If A has at most m distinct eigenvalues, then the CG method converges in at most m
iterations.



2 Constrained optimization
Remark 2.0.1. Consider smooth functions fi,..., f, in an optimization problem
min  max{fi(x),..., fu(2)}
Such a problem may not have a smooth objective function. Then we may reformulate this equivalently as
min ¢
st. t>= fi(x)
£ fula)

which now has a smooth objective function and mooth constraints.

2.1 Feasibility and cones

Definition 2.1.1. Consider an optimization problem

min  f(z)

st. cx)=0 Viel&
k() 20 VEkeZ
HNSRY)

Define the set of linearized feasible directions and the active set by

._ Vei(z)Td=0 V i€
Fi= {d | Ver(2)Td0 ¥ ieTnAe)’ L € Q}

A(z)=EU{i eI | ci(z) =0}

Definition 2.1.2. Let Q@ C R™ and T € ). Then a quantity d is termed a feasible direction to Q at T iff
there exists @ > 0 such that T+ ad € Q for all 0 < o < @.

Definition 2.1.3. Let 2 C R™ and 7 € 2. The tangent cone of 2 at T is defined to be

T(Q,7) = {ad | Ir)iey CQ st 2 =7 and d= lim {W} ,Q € R>0}
k—o0 ||l‘k - x||

= cone(2 — )

This is also termed the cone of limiting feasible directions.

- We note that T(Q, x) is always closed, and is convex if Q) is convex.
Definition 2.1.4. Let 2 C R™ and « € 2. The normal cone of (2 at z is defined to be the set
N z)={v|(v,d) <OVdeT(Q )}
Definition 2.1.5. Let 2 C R™. The polar cone of 2 is defined to be the set
QF ={v| (v,d) >0V deQ}
-In R", (v,d) = vTd, and we know cos(f) = HUUHTW'

Definition 2.1.6. Consider an optimization problem with local solution z* and associated Lagrange mul-
tiplier \*. The critical cone of z* with \* is defined to be the set

Clz*, \*) i={w € F(z*) | Vei(z*)'w =0V iec TN A(z*) with \f >0}



Definition 2.1.7. The set X C R" is termed an orthant iff it is the intersection of n pairwise orthogonal
half-spaces of R"™.

Theorem 2.1.8. Given a minimization problem as above, T € arg mi}l f(z) implies Vf(Z) € T(F,T).
EdS

Proof: Suppose the premise holds but not the conclusion.

Then there exists a d € T(F,T) such that Vf(Z)Td < 0 for d = lim ["”:77"”}

P | T
Then for some K € N, we have Vf(Z)T (v, —T) <0 for all k > K.
But then f(z1) = (%) + Vf(@)" (xx —T) +o(||z), — ), implying f(zs) < f(T).
| —

This is a contradiction. <0 |

Corollary 2.1.9. [FERMAT)]
If 7 € int(F) and T € arg 1%1}1 f(z), then Vf(Z) = 0.
x

Corollary 2.1.10. If f is a convex function and F is a convex set, then

Teargmin f(v) if V@) eT(Fz)" if V@ e(F-7)"

zeF
Theorem 2.1.11. [ROCKAFELLAR, PSHENICHNY]
If 7 € int(F) then Vf(Z) € T(F,z)*.
2.2 Convex analysis
Lemma 2.2.1. Let K # () be a closed, bounded, convex set with Z ¢ K. Then there exists a unique g € A

ithy € i — ||},
with 7 argggg{lly 7|}

Definition 2.2.2. Let K C R" nontrivial. Then K is termed a cone if « K C K for all « > 0. K is termed
a convex cone if it is a cone, and K + K C K.

Definition 2.2.3. A cone K is termed pointed iff K N —K = {0}.
Definition 2.2.4. A cone K is termed self-dual or self-polar if K+ = K.
Definition 2.2.5. Let K be a cone. Then K = K1 iff K is a closed convex cone.

Lemma 2.2.6. [FARKAS]

Let A € M, «, Then equivalently
I. Az = b,z > 0 is consistent
II. ATy > 0 implies bTy > 0

Theorem 2.2.7. Suppose that for two convex sets C7,Cy we have C1N int(Cs) = (). Then we can separate
the two sets by a hyperplane.

Definition 2.2.8. Given a problem with
Axr=b
br <d
g9(z) <0

linear constraints and g convex, the generalized Slater CQ is

there exists & such that Az =b, B# <d, g(&)=0

Remark 2.2.9. The GSCQ implies the weakest CQ.



2.3 Duality

Definition 2.3.1. Given convex cones K, L define the primal and dual problems to be

p* = min (cz) a* = max (by)
st. Ar >, b s.t. A*y <. c
z=, 0 Y >K+ 0

where A* is found through the adjoint linear transformation, i.e. (A*y,z) = (y, Ax) for all z,y.

Definition 2.3.2. Suppose that f is convex, g is K-convex for K a closed convex cone and C' is convex.
Then for the problem

min  f(z)
st. g(z) <, 0
zxelC

define the perturbation function w(e) = mlg{f(x)} where g(z) <, eforg: X =Y.
faS

Proposition 2.3.3. Let ¢ € R” and K = R with I' = {e € Y | there exists € C with g(x) <, ¢}. Then
i. I' is a convex set
ii. w(e) is a convex function on its domain (where it is finite)
iii. w is non-increasing in ¢
Theorem 2.3.4. Suppose there exists & € C with g(£) > 0 (that is, g(Z) € —int(K)), so SCQ is satisfied.
If w(0) is finite, then there exists equivalently

- an optimal Lagrange multiplier
- A* =, 0 such that w(0) = rrélg{f(x) + (A", g(2))}

Moreover, if the minimum is attained at z* € C and x* is feasible (that is, g(z*) <, 0), then a* solves the
convex program, and (A\*, g(z*)) = 0.
Remark 2.3.5. Suppose that we have a nonlinear problem

min  f(x)

st. gx)=0 Viel&
cr(x) 20 VkeZ
z € R?

To provide a lower bound on the optimal solution, we form the Lagrangian
LN =f(x)— Y Nici(z) for X\, >0ifiel
i€€,T

Then we define the dual functional

g(\) = inf{L(z, A)}
And finally we have the dual problem

max g(\)

st. A20 VieZ

Proposition 2.3.6. If the weakest constraint qualifications (WCQ) hold at z* (that is, T(Q, z*) = F(x™*)),
then the KKT conditions hold at z*, that is, there exists a A* such that

VL5, \*)=0 N\ =0VieZ (dual feasibility)

ci(z*)=0 Viel (primal feasibility)
cj(z*) =20 VjeZ
Mei(z*)=0 Vie&,T (complementary slackness)
A; =20 Viel



Definition 2.3.7. The strict complementarity conditions hold at x* if the KKT conditions hold with for
some Lagrangian multiplier A* such that A} > 0 for all j € 7.

Proposition 2.3.8. Let Q@ C R™ and 2* € Q. If N(Q,2*) = —F(2*)T, then  is convex and WCQ holds.

2.4 Constraint qualifications

There are several main constraint qualifications:

LICQ holdsatz e Qif {Ve¢(x)|ie A(z)} is linearly independent
MFCQ holds at x € Qif 1. there exists w such that Ve;(z)Tw =0 for all i € £
2. {Vei(z) | i € £} is linearly independent
WCQ holds at x € Q if  all constraints are linear

We note that LICQ — MFCQ — WCQ.
Corollary 2.4.1. If LICQ holds, then none of the active contsraint gradients can be zero.

Definition 2.4.2. Given a feasible point «* in an optimization problem, a sequence (zx)3, is termed a

feasible sequence approaching z* iff z k200, o and z, € Q for all k.

- We note that for any z* feasible, the inclusion T'(2, z*) C F(z*) always holds.

k—o0

Lemma 2.4.3. Let z* € Q and LICQ holds at «*. Let d € F(z*). Then for all ¢, > 0 with ¢, ——— 0,
there exists (1), such that
1. z, € Q for all k

k—o00 *
2. zp ———— T
3. d= lim [Z’“z
k— oo tk:
4. c;i(z1) = t,,Vei(x*)Td for all i € A(x*)

Corollary 2.4.4. LICQ = WCQ, i.e. T(Q,z*) = F(x*).

2.5 Augmented Lagrangian method

Definition 2.5.1. For an equality-constrained non-linear problem, define the augmented Lagrangian to be
the equation

La@ A = f@) = 3 Nieia) + 5 Y (ei(@)?

€€ €€
= L(z.y) + 5§ )_(ei(@))
€€
Augmenting the Lagrangian proves useful, as we may adjust u as desired. Moreover, first order conditions
are unchanged from the original problem, as

Vaila(z, A p) =V L(x, )+ '“Z ci()Ve(x)
€€
= Vaf(@) + > (nei(x) — \i)Vei(x)
ic€

Theorem 2.5.2. Suppose that z* is a local solution to (ECNLP) that satisfies the KKT conditions with
Lagrangian multiplier A*, as well as the second order sufficiency conditions. Then there exists a o € Rxg
such that for all g > pg, =* solves the problem

min L4 (z, A*, 1)
T



Theorem 2.5.3. For fixed p, if H)‘;;‘*H is small, then the following method works for solving (ECNLP).

1.z argmin L4(-, \, 1)
2. M A — pc(x)

In this case a solution z* to (ECNLP) will be the limit of the iterates under the above instructions.

We may update p in the following fashion. Choose 8 > 1 not too large and not too small such that
convergence is not too slow and the problem does not degenerate. Then set

et Buk  if |Je(zk)]] > Y|le(xr—1)|| for some fixed v € (0,1)
* wr  else

3 Interior point methods

To the classical optimization problem so far we have seen several approaches:
1. merit functions
2. ouadratic penalty methods
3. /2 penalty method
4. augmented Lagrangian method

All these deal with so-called “exterier point methods,” which involve approaching the feasible region from
the outside.

3.1 Barrier functions

Definition 3.1.1. It at optimization problem, a barrier function is added to the objective function to pre-
vent it from going near the boundary of the feasible region. We may define such a function in several ways:

1
. Y —— ife(a)>0Viel
- inverse barrier function: B(x) := ¢ jez ¢i(x)
00 else

> log(ei(x)) if () >0Viel
- log barrier function: B(x) := ¢ icz
00 else

Note that the log barrier function, while extended-real valued, is continuous.

The general barrier method algorithm works as follows:

- start with pg > 0
-for k=0,1,...
- find xp € argmin{f(z) + ppB(x) | c;(x) =0V i€ &}

- choose g 11 € (0, pix)
- end
Proposition 3.1.2. Let Q = cl{x | ;Ei;ig vwfzg} = cl(€2). Then every limit point Z of (x)ren generated

by the general barrier method with (ug)kren and gy k2o gisa global solution of (NLP).

10



Proof: Let y € Q,
£— 00

Then there exists a sequence (y,)7°, C Q) such that Y ———— v,
This implies that for all £ and for all &,

J(xr) + prB(rr) < f(ye) + pB(ye)

Taking the limit as k — oo,
F@) < Jim [(e) + e Blaw)] < o)

Then taking the limit as £ — oo, we find that f(Z) < f(y). ]

Theorem 3.1.3. [FUNDAMENTAL THEOREM OF LPs]
A linear program (LP) is exactly one of the following:
1. infeasible
2. unbounded
3. solvable (implying strong duality)

The (LP) may be solved by the interior point method with

(pp) min  fy(e) ="z —p) log(:)
=1
st. Axr=b

Remark 3.1.4. For such a problem, (p,) has a unique solution z(u) for each > 0 if Az = b is consistent.

Definition 3.1.5. The set {z(x) | ¢ > 0} is termed the central path. The analytic center of the set of
optimal solutions is defined by

= i — ; = >
Zoo argn&m{ ;log(ml) | Az =b,x > 0}

The general primal/dual interior point method works as follows:

- Initialize:
29 >0
Y0
>0
0 < Omin < Omax < 1
tol > 0
-for k=0,1,...:

i (@l i)/

- if py, < tol and ||rq|] < tol and ||r,|| < tol:
break

- else:
. ple Ok € [Utnina O'max]
- solve the system

0 AT I Az —rq
A 0 0| |Ay| = —7p
S 0 X| |As —X O S + opuLe

11



where S = diag(s) and X = diag(x)
- pick ay € (0,1) such that

(Thg1, Ynt1s Skr1) = (ke + @bz, Y + alAy, sp + als)

satisfying zr+1 > 0 and sg1 > 0 and the centrality criterion
- end

The centrality criterion is a restriction on 6 € [0,1) and v € (0, 1] so that every iterate is not be too far from
the central path C in terms of some neighborhood of C. We define the centrality measure to be u = 27's/n.
We speak in terms of the neighborhoods

No(0) = {(z,y,s) | ATy+s=c, Az =b,x > 0,5 > 0, ||z 05 — pell2 < Ou}

N_oo(y) ={(z,y,8) | ATy +s=rc, Az = b,z > 0,5 > 0, 2;5; > yu for all i}
Then if 6 € (0,1) for all (z,y,s) € Na(#), we will have that for all i,

|xis; —pul < ||lxos—pela <p = msiz2pu—0u=(1-60)p and N3(0) C N_oo(1—-16)

3.2 Long-step IPM

Remark 3.2.1. For all € > 0 with initial duality measure pg, the long-step interior point method takes
k = O(n|log(e)]|) steps to reduce the duality measure by a factor of ¢, i.e. to find (zx, yx, sg) such that

T
T Sk

HE = < epo
Lemma 3.2.2. For all u,v € R” with «Tv > 0,
luouvls <272 u+ vl

where o is the Hadamard product, for which (u o v); = u;v;.

Lemma 3.2.3. If (z,y,s) € N_oo(7) for v € (0,1] fixed, and (Az, Ay, As) solves

0 AT I [Az 0
A 0 O0f |Ay| = 0
S 0 X| |As —xos+oue

then we have the following three results:
1. |[Az o As|ly < 273/2 (1 + %) nu
2. AzTAs=0
3. (z(a), y(a), s(a)) € N_oo(7) where

r(a) = z+alx
ylo) = y+aly forany « € (],23/2 . 'V(ET;V) . %]
s(a) = s+ als

Theorem 3.2.4. Given 7, Omin, Omax in the long-step IPM path for each k, setting

ak:23/2.7(1—7) Ok

147 n

there exists § > 0, independent of n, such that

pe1 < (1— %) Mk

12



Proof: Performing routine calculations we get the result.

Bh+1 = PEO

. 1-— 1

1. 1- (1=
<1t g 7(1+ ") .min{gmm((ll_zmm)),} e
n ’7 max max

~§
|

Theorem 3.2.5. Fix ¢ € [0,1], v € (0,1), 0 < dmin < Imax < 1, an initial point (zg, Yo, s0) € N_oo (7).
Then for § as in the above proof,

p <epo  forall k> 2|log(e)]

3.3 Extending IPM to SDP

Definition 3.3.1. In graph theory, a common problem is the max-cut problem. Given a graph G = (V, E)
with weighted edges e € F, what is the cut of maximum size?

- a cut of G is a partition {Uy,Us} of V such that U; WU =V
- the size of a cut {Uy,Us} is the sum of edge weights of edges that are not completely within U or Us

Here we will consider the problem with unweighted edges, that is, where all edges have an equal weight of 1.

Definition 3.3.2. For A the adjacency matrix of G, define the Laplacian matrix of G to be
L = diag(A4e) — A

This matrix is positive semi-definite (PSD) and singular.

Now we may formulate the max-cut problem in an optimization manner. Here the vector x is basically the
set of vertices V' of G arranged in a vector.

max %JZTL.I
xT
st. z2=1 foralli

The SDP relaxation of this problem is given by

max (L, X)
s.t. diag(X)=e
X>0

The dual to the original problem is given by
mgn Ae
st. diag(A\)— 1L >0

Remark 3.3.3. In a more general setting, an SDP program and its dual are given by

(P) igl(f (C, X) (D) sup by
st. (A4;, X) =0b; for all 4 Y
X}O s.t. C_ZlyzAz>O
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