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1 Set Theory

1.1 Definitions
Definition 1.1.1. Given a set X, the power set of X is defined to be P(X)={A4| A C X}.

Definition 1.1.2. Given sets A, B define the symmetric difference of them to be AAB = (AUB)\(ANB) =
(AN BY U (A N B)

Proposition 1.1.3. [DE MORGAN’S LAWS]
Let {Aq}aer C P(X). Then

1. (U Aa>c_ ) AS

acl acl
c
2. (ﬂ Aa> = U AC
acl acl
Proof: 1.
C
z€ <UAQ> = z¢|]JAa
acl acl
— ¢ A Vael
— zecASVaecl
= ze (AT
acl
2. Similar to above, by replacing A with A€, ]

Definition 1.1.4. Given A4,..., A, C X, define their product to be

Ay X --- xAn:HAZ-:{(ah...,an) ‘ CL,LEAZVZ}
i=1
Definition 1.1.5. The size of a set A, denoted by |A|, is the number elements A has.

If |A;| = m;, then

1.2 Problems arising

Proposition 1.2.1. Suppose that I = (). If the expression {A, }qes is meaningful, then clearly U Ay, = 0.
acl

But then by de Morgan’s laws, ﬂ A, =X.
acl
Axiom 1.2.2. [AXIOM OF CHOICE]
If I #0 and A, # 0 for all « € I, then HAQ#@.

acl

Axiom 1.2.3. [EQUIVALENT TO AOC]
If A is non-empty, there exists a function f : P(A) \ {0} — A such that f(4) € A.



1.3 Relations

Definition 1.3.1. A relation R on sets X, Y is a subset of X X Y. In general, we write tRy <= (z,y) € R
for x € X and y € Y. Interpreted as a set, R is termed the graph of the relation.

If X =Y, then R is termed a relation on X.

Definition 1.3.2. Let R be a relation on X > z,y, z. Then:
1. R is reflexive iff for all z € X, xRx
2. R is symmetric iff tRy <— yRx
3. R is anti-symmetric iff x Ry and yRx implies x =y
4. R is transitive iff xRy and yRz implies xRz

Example 1.3.3.
1. Let R be a relation on R and xRy <= x < y. This is a poset.
2. Let R be a relation on P(X) for X any set and ARB <= A C B. This is a poset.
In this case we say C orders P(X) by inclusion.
3. Let R be a relation on P(X) for X any set, and ARB <= A D B. This is a poset.
In this case we say D orders P(X) by containment.

Definition 1.3.4. A partial order on a set X is a relation < on X that is reflexive, anti-symmetric, and
transitive. As an ordered pair, (X, <) is termed a poset.

X is a poset off for all z,y € X, either x <y ar y < «.

Definition 1.3.5. A chain is a subset of (X, %) that is totally ordered, i.e. that has z < y or y < x for all
z,y € X.

Definition 1.3.6. Let (X, <) be a poset with A C X. Then:

la. We say that a € A is an upper bound of A iff xt < aforallxz € A

1b. We say that « is the least upper bound of A iff « is an upper bound of A and for all other upper
bounds g of A, a < B.

2a. We say that o € A is an lower bound of A iff z = « for all x € A

2b. We say that « is the greatest lower bound of A iff « is a lower bound of A and for all other lower
bounds S of A, a = .

3. We say that A is bounded if it has a lower bound and an upper bound.

Axiom 1.3.7. [LEAST UPPER BOUND PRINCIPLE]
If A C R is bounded above and is non-empty, then there exists a least upper bound for A.

Definition 1.3.8. Let (X, <) be a poset. Then z € X is termed maximal if whenever < y, z = y.

Example 1.3.9.
1. For R, there is no maximal element
2. For (P(X),C), X is the maximal element
3. For (P(X),D), 0 is the maximal element

Remark 1.3.10. Note that finite posets may be represented by finite digraphs. As such, two elements are
termed comparable if there is a dipath joining them. We assume that x < y iff there is a path from y to .

Example 1.3.11. Let X = {z,y, z} have distinct elements. There are 5 basic posets.
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There are 2° relations on X, and of them, 19 are posets.
Theorem 1.3.12. If (X, <) is a finite non-empty poset, then (X, <) has a maximal element.

Proof: Induction on the number of elements in X. [ |

Axiom 1.3.13. [ZORN’S LEMMA]
Let (X, <) be a non-empty, partially ordered set. Assume that every chain C' C X has an upper bound.
Then (X, <) has a maximal element.

Zorn’s lemma is logically equivalent to the axiom of choice.

Example 1.3.14. Let (V,4) be a non-zero vector space. Let £ = {L C V | L is linearly independent}.
Then a basis for V' is a maximal element of £, given the ordering C.

Theorem 1.3.15. Every non-zero vector space has a basis.

Proof: Let L ={L C V| L is linearly independent} C P(V).
Then L # (), as for v € V nonzero, {v} € L.
Let L* = | ] La.

acl
We claim that L* is linearly independent, so L* € £ and L* is an upper bound.

Let {v1,...,v,} be distinct elements of L* with ajvl + -+ + a,v, = 0.

For each ¢ =1,2,...,n, v; € Ly, for some o; € I, and we may assume that L,, C Ly, C --- C Lq,,.
Hence {v1,...,v,} C Ly, so that ay =as =---=a, =0.
Since every chain has an upper bound, Zorn’s lemma gives us a maximal element. |

Definition 1.3.16. A poset (X, <) is termed well-ordered if every non-empty subset has a least element.

Well-ordered sets are totally ordered.

Example 1.3.17.
1. N with the usual order is well-ordered
2. (Q,<) is not well-ordered, as {r € Q | » > v/2} has no least element

Proposition 1.3.18. The set Q can be injected into the set N. Consider:
¢: Q={Z|neZmeN,ged(n,m)=1} >N
1 if n=20
e(Z) = q2m3m  if >0

27ns™mif =<0
The fundamental theorem of arithmetic gives us that ¢ is injective.
Proposition 1.3.19. The set Q is well-ordered.
Proof: Using the above function and the relation r < ¢ iff ¢(r) < ¢(¢) in the usual order on N. |
Axiom 1.3.20. [WELL-ORDERING PRINCIPLE]
Every non-empty set can be well-ordered.

Theorem 1.3.21. The following axioms are logically equivalent:
1. The axiom of choice
2. Zorn’s lemma
3. The well-ordering principle



1.4 Equivalence relations and cardinaltiy

Definition 1.4.1. A relation ~ on a set X is termed an equivalence relation iff it is:
1. reflexive
2. symmetric
3. transitive

Definition 1.4.2. Given an equivalence relation ~ on X, the equivalence class of an element x € X is
defined as

[zl ={ye X [z ~y}
The following properties hold for all z,y € X:
1. z € [7]
2. either [z] = [y] or [z]N[y] =0
Definition 1.4.3. Given a non-empty set X, a partition on X is a collection {4, }ocr of pairwise disjoint
nonempty subsets of X such that
X= )4

acl

Remark 1.4.4.
1. Any equivalence relation ~ partitions X
2. Any partition {A,}aer of X defines an equivalence relation on X.

Example 1.4.5. Given a set X, let ~ be an equivalence relation on P(X) by A ~ B iff there exists a
bijection f : A — B. Then A is equivalent to B, or A = B iff |A| = |B|. Heuristically, A = B iff both have
the same number of elements.

Definition 1.4.6. A set X is termed finite if either X =0 or X ~ {1,2,...,n} for some n € N. If X = {),
then X is said to have cardinality 0. If X ~ {1,2,...,n}, then X is said to have cardinality n. If X is not
finite, then it is termed infinite.

Theorem 1.4.7. If X is finite, then X cannot be equivalent to a proper subset of itself.

Proof: This is clearly false for X = (), so we will not consider that case.
Assume that X = {1,2,...,n} for some n € N.
Let P, be the statement ”the set {1,2,...,n} is not equivalent to a proper subset of itself”.
Base case: The case P; clearly holds.
Inductive step: Suppose that Py holds for k € N.
Also suppose that there exists a bijective function f: {1,2,...,k,k+1} — Sfor S C {1,2,...,k k+1}.

Case 1: k+1¢ S

Let 8" =S\ {f(k+1)} € {1,2,...,k}.

Then f‘{l,z,...,k} is bijective from {1,2,...,k} to S’ C {1,2,...,k}.
This contradicts P.

Case 2: k+1leSand f(k+1)=k+1

Then f‘{1,2,.,.,k} has range S’ = S\ {k+1} € {1,2,...,k}.

Since f is bijective on {1,2,...,k}, we have that {1,2,...,k} =~ S.
Case 3: k+1eSand f(k+1)#k+1

Then f(jo) = k+ 1 for some jy € {1,2,...,k}.

Let g: {1,2,...,k+ 1} — S be defined by

k+1 ifj=k+1
g(G) = Flk+1)  ifj=jo
16) ifj € {1,2,....k} with j # jo



Then g is a bijection on S, which by the above case, is impossible.

Now suppose that X ~ {1,2,...,n} for some n € Nand X ~ S for S a proper subset of X.
Then there exists a bijective function f: X — {1,2,...,n}.

Then S ~ f(S) € {1,2,...,n}.

But then {1,2,...,n} ~ X ~ S ~ f(S).

Proposition 1.4.8. If X is infinite, then there exists a subset X C X with S ~ N.

Proof: Since X is non—empty, there is a choice function f on P(X)\ {0}.

Let 1 = f(X), Xo = f(X \ {xl}) and proceed recursively with z,41 = f(X \ {z1,...,2n}).
This gives S = {xl,...,x s

Theorem 1.4.9. A set X is infinite if and only if it is equivalent to one of its proper subsets.

Proof: We know that if X is finite, then it is not equivalent to any one of its proper subsets.
Then suppose that X is infinite.
Choose S = {z1,xa,...,2,} as in the previous proposition.
Define f: X — X \ {x1} by

I R fe=z,€8
f(x)_{x ifeg X\ S

This proves the theorem.
Definition 1.4.10. A set X is termed countable iff it is either finite or X ~ N.
If X ~ N, then |X| = R,.

Theorem 1.4.11. [CANTOR, SHROEDER, BERNSTEIN]
Let Ay C A1 C AQ. If Ay ~ Ao, then A; ~ Ao.

Proof: Note that there exists a bijection f: Ay — Aa, so f(A4g) = Aa.
Let Az = f(A1), Ay = f(A2),..., Ay = f(An—2),...
Then A, 19 ~ A, via f, as well as A, 12\ A, ~ Apia \ Apts also via f.
We may decompose Ay and A; as follows:

Ag=(Ag\ A1) U (A1 \ A2) U (A3 \ A3) U -+ U ﬂA
10

X X

Ap= (A1 \ Ag) U (Ay\ A3) U (A3 \ Ay) U -.-uﬂA

Identification between sets is made if they are equal and otherwise through g : Ag — Aj:

flx) if @€ (Ao \ A2gs1)
x if e (A2k+1 \ A2k+2)

T ifxeﬂAi

Since g is a bijection, Ay ~ Ag.

Corollary 1.4.12. If A} C Ay and By C By with By ~ Ay and A; ~ By, then Ay ~ By.



Proof: Let f : Ag — By and g : By — A; be bijective.
Define Ay C Ay C Ay by Ay = go f(Ao) = g(Bl).
Therefore Ay ~ Ag.
By CSB, we have that A; ~ Ay and so Ay ~ By. [ |

Example 1.4.13. These are some examples of equivalent sets.
.Q~N
-NxN~N
This is given by two injective functions, f: N - N x Nand g: Nx N — N:

fn) = (n,n)
g9((n,m)) = 2"3™

Since both are injective, CSB says that the sets are equivalent.

-ﬁNNNfornEN

i=1

Theorem 1.4.14. The product of finitely many countable sets is countable.

(oo}
Theorem 1.4.15. Let {X,,}°2; be a countable collection of countable sets. Then X = U X, is countable.

n=1

Proof: Recall that if S is countable with 7" C .S, then T is also countable by CSB.
Let

B =X

Ey = X5\ Xj

Es = X3\ (X7 UX>)
Ey=X4\ (X1 UX5UXj5)

n—1
E, =X\ |J X
=1

oo oo

Then U E, = U X, and {E1, Fa, ..., E,} is a pairwise disjoint sequence of countable sets.
n=1 n=1

For each E,, write E,, = {Zn 1,%n.2, ...} possibly terminating.

Let f: | En — Nby f(x;;) =2'3.

n=1
Since f is injective, the theorem is proven. |

Definition 1.4.16. A set is termed uncountable if it is not countable.
Proposition 1.4.17. The set (0,1) C R is not countable.

Proof: Suppose that (0,1) is countable.

Then (0,1) = {a1,as,...} for each a; = 0.bj1bjo -+ = Z li()l for each b;; € {0,1,2,...,9}.
i=1



Consider the following expansion:

o = O.b11b12b13 NN
Qg = O.bglbgzbgg e
a3 = 0.b31b32b33 .
an = O.bnlbnzbng NN

Now define an element o« = 0.b1b2b3 ... by

bn:{1 if b £ 0

2 else

Clearly o € (0,1), but there is also clearly no ¢ € N such that a = «;.
Therefore « is not in our enumeration, and so (0, 1) is not countable. ]

Remark 1.4.18.
1. For any a < b € R, we have that (0,1) ~ (a,b) ~ R, and (0,1) ~ R via f(z) = arctan (rz — %).
2. |R| = ¢, which is the first uncountable ordinal.

Axiom 1.4.19. [CONTINUUM HYPOTHESIS]
For X any set, if Rg < | X| < ¢, then either | X| = cor | X| = ,.

Definition 1.4.20. For sets W,V let h : W — V be a function. Denote the pullback of h by h=1 : P(V) —
P(W), with h=*(B) = {w € W | h(w) € B} for any BC V.

Proposition 1.4.21. Assume that there exists a surjective function g : ¥ — X. Then there exists an
injective function f: X — Y.

Proof: Let g : Y — X be surjective.
For each z¢ € X, g~ ({zo}) # 0, as g is surjective.
By the axiom of choice, there if a choice function h on P(Y) \ {0}.
Define f(x9) = h(g *({z0})) = yo € Y.
Since g is a function, f: X — Y is injective. |

Corollary 1.4.22. Given nonempty sets X, Y, the following are equivalent:
LX< [Y]
2. There exists an injective function f: X — Y
3. There exists a surjective function g : Y — X

Theorem 1.4.23. [COMPUTABILITY THEOREM|]
Given any sets X,Y, either | X| < |[Y] or |Y| 5 | X]|.

Proof: We may assume that X,Y are nonempty.
Define S = {(A4,B,f)|AC X,BCY, f: A— B is bijective}.
We may order S by <, with (A1, Bi, f1) < (A2, Ba, f2) iff Ay C Az, By C Ba, and ful,, = f1-
Let C = {(Aw, Bas fa) }acr be a chain in S.
Let A=U,c; Aa, B=Uq,er> and f: A — B given by f(z) = fo(z) if z € Aq.
First it must be shown that f is well defined.

Assume that z € A,, © € Ag.
WLOG we may assume A, C Ag.

Then f(x) = fo(z) = fa(z).

acl



Thus f is well-defined.

Now we must show that f is injective.

Let z1 7& T9 € Ay C Aﬁ SO T1,To € Aﬁ.

Now fo(z1) = fa(z1) # fa(x2) = f(2).

Finally it must be shown that f is surjective.

Let w € B.

Then w € B, for some «.

So here exists © € A, with f,(x) = w.

Then z € A and f(x) = w.

Therefore (A, B, f) is an upper bound of C'.

By Zorn’s lemma, S has a maximal element (Ag, By, fo)-
If Ag = X, then | X| X |Y].

Assume Ay # X.

If By =Y, then |Y] < |X]|.

If By # Y, then choose zg € X \ Ag with yo € Y \ By.
Define f1 : AO U {.130} — By U {yo} by

) = f(](if) ifﬁL’GAO
Al ){f(xo):yo if z = a9

Then (A07 BO» fo) = (Ala Blv fl)
This is a contradiction, and hence the last situation cannot hold.

1.5 Cardinal arithmetic
Definition 1.5.1. Given two sets X, Y with X NY =0, define | X|+ Y] :=|X UY].
Example 1.5.2. Consider N = {1,3,5,...}U{2,4,6,...}, and so |N| = |N| + |N| = Ry + N,.

Theorem 1.5.3. Given two sets X,Y with X infinite,
1. |X|+|X] = |X|
2. | X[+ [Y] = max{|X],[Y]}

Definition 1.5.4. Given two nonempty sets X, Y, define | X||Y] :=|X x Y.
This means that Ng - Rg =g and c-c=c.

Theorem 1.5.5. Given two nonempty sets X,Y with X infinite,
L | X[|X] = [X]|
2. [X|[Y| = max{|X], [V}

Definition 1.5.6. Given two nonempty sets X,Y, define |Y[IX| := [y ¥X| = TLexYI=Hf: X =Y}

Proposition 1.5.7. For any set X, |[P(X)| = 21¥I.

Proof: Given any A C X, define x4 : X — {0,1} by xa(z) = {} I i;ﬁ .
Then P(X) ~ {f: X — {0,1}} via A <= xa.

Theorem 1.5.8. [RUSSELL |
For any set X, |X| < 2X1.

Proof: Let f: X — P(X) be injective.
Suppose that f is onto.
Let AC X be defined by A={zxe X |z ¢ f(z)}.




Then there exists xog with f(xg) = A.

But if zg € A, then g ¢ f(x9) = A.

And if g € A then zg € f(zg) = A.

This is a contradiction.

Hence no such f injective exists. |

Remark 1.5.9. Given a set A, the number of relations on A is equal to |P(A4 x A)].

The number of equivalence relations on A is equal to the number of partitions of A.

2 DMetric spaces

Definition 2.0.1. Given a set X, a function d : X x X — R is termed a metric iff for all z,y,z € X:
1. d(z,y) 20 and d(z,y) =0 <= x =y
2. d(z,y) = d(y,z)
3. d(z,y) +d(y,z) > d(z, 2)

Example 2.0.2. These are some examples of metrics.
1. X =R and d(z,y) = |x—y|

2. X = any set and d(z,y) {0 ‘fei"’;ey the discrete metric

Definition 2.0.3. Given a set X and a metric d on X, the pair (X, d) is termed a metric space.

2.1 Normed linear spaces

Definition 2.1.1. Let V be a vector space. A function || - || : V' — R is termed a norm iff for all v,w € V
and aeR:

vl = 0and |jv]| =0 <= v=0

2. |ow]| = [afl|v]

3. llo-+wl < llo] + [w]

Given a vector space V and a norm || - || on V, the pair (V,]| - ||) is termed a normed linear space.

Definition 2.1.2. Let (V|| -||) be a normed linear space. If d(x,y) = ||z — y||, then d is a metric on V, and
d is termed the metric induced by || - ||.

Example 2.1.3. These are some examples of norms.

1. the standard norm: |[(x1,...,2z)|1 = |z1| + - + |z4]
2. the Euclidean norm: ||(x1,...,2,)|2 = V2% + - + 22
n 1/p
3. the p-norm: ||(z1,...,2.)|p, = Z | |P for 1 <p<oo
4. the sup norm: [[(21,...,2Zn)|lc = max{|xi|}
Then we have that ||z||ec < ||z]lp, < ||2]|1 < n||2]|o for € R™ and for 1 < p < co.

Lemma 2.1.4. Let 1 < p < co and 1% + é =1 (or ¢(p — 1) = p), where p,q is a conjugate pair. Then for
any «, 5 > 0,
P pa
Jr -

aff < —
pq

Theorem 2.1.5. [HOLDER’S INEQUALITY]|
Let a,b € R™ with%+%:1f0r1<p<oo. Then

labllx < llallp]Ibllq

10



Proof: We may assume that a,b are nonzero.

Note that the result holds iff it holds for aa and Bb for nonzero scalars a;, 5.
Then we may assume that (>, la;|P)"? =1 and >, Ib:|) 4 = 1.
Now |a;b;| < % + % foralli=1,...,n, so

n n |p np.le
Z |aibi| < Zl:l |(IZ‘ + Zz:l ‘ l| -1
i=1 p q

Replacing 1 with the norms gives the result. |
Theorem 2.1.6. [MINKOWSKI’S INEQUALITY]

Let a,b € R" with 1 < p < co. Then
lla+0bllp < [lallp + bl

Proof: Let p, q be a conjugate pair.
Note that
n n n
S lai+bilP = lalla; + 6P+ > [billa; + by
i=1 i=1 i=1

Then by Holder, we have that

n n 1/p n 1/q
D lbillas + b < (ZM”) (Z |ai+bi|p>
=1 i

i=1

The original equation then becomes

n 1*1/]3*1/(]
la+bll, = (Z |ai + bi|p> < lally + 6llq

This completes the proof. |

Definition 2.1.7. The following are all spaces of infinite sequences.

1. 6(N) =0 = {{zn} | 2 €R, Y oo |zn| < 00}
2. L,(N) =1y, = {{zn} | 2n € R D2, |2n|P < 0o}
3. loo(N) =loo = {{zn} | zn € R, max;{|z;|} < 00}

By checking that || - ||, for each respective p is a norm, it may be shown that (¢, | - ||,) is a normed linear
space, for a < p < oo.

Remark 2.1.8. We have the following sequence of inclusions, for all 1 < py < py < oc:

Proposition 2.1.9. Let {z,,} € ¢, and {y,} € ¢, with p,q a conjugate pair. Then Y > x,y, converges
absolutely with [[{znyn 1 < [{an}Hlp + [{yn}lg-

11



Example 2.1.10. Let X = Cla,b] = {f : [a,b] = R | f is continuous}. Then for

[flloc = sup {|f(z)[} = max {[f(x)[}

IE[a,b] xe[a7b]
If gl <1+ 19] < [ flloo + llglloo

the space (Cla,b], | - ||oo) is & normed linear space. We may define other norms on Cfa, b] by:
b 1/p
171 = ( [ ls@r dx>
so then (Cla,b],|| - ||p) will be a norm for all 1 < p < oo.

Example 2.1.11. Given normed linear spaces (X, | - |x), (Y, || - [ly), let

L(X,Y)={T:X =Y | T is linear}
[Tlloo = sup{[[Tz|ly | [zl x <1V e X}
B(X,Y)={T € L(X,Y) | T is bounded}

Then the space (B(X,Y), || - ||oo) is @ normed linear space.

2.2 The topology of metric spaces

Definition 2.2.1. Let (X, d) be a metric space with € X and € > 0 . Define
- the open ball of radius € centered at z: B(z,e) = {y € X | d(z,y) < €}
- the closed ball of radius € centered at z: Blz,e] = {y € X | d(z,y) < €}
- an open set U C X has for all y € U some €, > 0 such that B(y,e,) C U
- a closed set V. C X has X \ V open

Theorem 2.2.2. Let (X, d) be a metric space. Then
1. X, are open
2. if {Ua}aer is a collection of open sets in X, then |J,c; Uq is open in X
3. if {Ux,...,U,} is a finite collection of open sets in X, then (;_, U; is open in X

Proof: 1. This is clear.

2. Let 2 € Upep Ua
Then there exists ag € I with @ € Uy,, so there is € > 0 with B(z,¢) C Us, C Uyeq Ua-

3. Let z;nNi, U;.
For each i, o € Uj, so there is e = min;{e; }, for B(zg,¢;) C U; for all i.
Hence B(zg,€) C (i, Us.

Theorem 2.2.3. Let (X, d) be a metric space. Then
1. X, 0 are closed
2. if {Fa}aer is a collection of open sets in X, then (), ; Fl is closed in X
3. if {Fy,...,F,} is a finite collection of open sets in X, then J;_; F; is closed in X

Definition 2.2.4. Given a set X, a topology on X is a set 7 C P(X) such that
1. X, 0er
2. if {Us}aer C 7, then J,c;Un €7
3. if {U'l7 .. ,Un} cr, then ﬂ?:l U,er

The pair (X, 7) is termed a topological space, with elements of T termed 7-open, or simply open sets.
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Proposition 2.2.5. Let X 2 z be a space with € > 0 . Then
1. The open ball B(z,¢€) is open.
2. U C X is open iff it is the union of open balls.
3. The closed ball B[z, €] is closed.
4. The set {xg} is closed.

Definition 2.2.6. Let A C (X,d). Define a metric dq : A x A — R by da(z,y) = d(z,y) iff z,y € A.

Definition 2.2.7. Given A C (X,d), define a topology 74 on A by W € 74 if W = ANU for some U € 74.
Then 74 is termed the relative topology on A induced by 7.

Proposition 2.2.8. 74 =74,

Proof: Let W € 74,, so for each x € W there exists ¢, > 0 so that W = |, oy Ba, (2, €z)-
Then for U = |,y Ba(, €2), we have that U is open in X and W = U N A.
Hence W € 14.

Let W ery and z e W.
Then there exists U C X so that W = ANU.
Then as x € U, there exists € > 0 with

By(z,e) ={y e X | d(z,y) <e} CU
Then we also have that
Ba,(z,6) ={y € A|da(z,y) <e} CW
Therefore W € 74, .
The result follows. [

2.3 Closures, interiors, and boundaries

Definition 2.3.1. Let A C (X,d). Define
-closure of A: A={F C X |ACF,F is closed}
- interior of A: int(A) = A° = J{U Cc X |U C A,U is open}

- neighborhood of z: N with z € N°
Note that A is the smallest closed set containing A and A° is the largest open set contained in A.

Remark 2.3.2.
“A°CACA
- Aisclosediff A=A
- Ais open iff A = A°

Definition 2.3.3. Given A C (X,d), a point z € A is termed a boundary point of A iff every neighborhood

N of z is such that NN A # () and N N A® # (. Equivalently, z € A is a boundary point iff
B(z,e)NA#0, Blz,e)NA°#0 Ve>0

A point x € A is termed a limit point (or cluster point) of A iff for all € > 0 B(z,¢) N A contains a point

different from =z.

The set of all boundary points of A is denoted bdy(A).
The set of all limit points of A is denoted Lim(A).

Proposition 2.3.4. Let (X, d) be a metric space and A C X. Then
1. A= AUbdy(A)
2. Ais closed iff bdy(A) C A

13



Proposition 2.3.5. Let (X, d) be a metric space and A C X. Then
1. A= AULim(A)
2. A is closed iff Lim(A4) C A

Definition 2.3.6. Let (X, d) be a metric space and A C X. Then A is termed dense in X iff A = X. In
general, if A C B C X, then A is termed dense in B iff B C A.

Another way to characterize denseness is to say A C X is dense in X iff every open ball B(z, ¢) C X intersects
A.
Example 2.3.7. Q CR and R\ Q C R are dense in R.

Proposition 2.3.8.
1. AUB=AUB
2. int(AN B) =int(4) Nint(B)

Proposition 2.3.9.

1. (A)° =int(A°)

2. bdy(A4) = A\ int(A)
Definition 2.3.10. Given a metric space (X, d), the space is termed separable iff X has a countable dense
set. Otherwise the space is termed non-separable.

Example 2.3.11.

- R is separable - (€1, - ||1) is separable
- R™ is separable
- R is not separable - (loos || * lloo) is not separable

It is a direct consequence of the definition of a separable metric space that any separable metric space has
cardinality at most c.

2.4 Sequences in metric spaces

Definition 2.4.1. For (X,d) a metric space, {z,} C X converges to xg € X iff for every € > 0 there exists
Ny € N such that for all n > Ny, d(zo,x) < e. This relationship is expressed as lim [z,] = z¢ or z, — (.
n— oo

If such an z( does not exist, then {x,} is said to diverge.

Proposition 2.4.2. Given a sequence {x,} in a metric space (X, d),

lim [z,] =29 and lim [z,]=y0 = zo=1o
n—oo n—oo
Proof: Suppose that x¢ # yo, or equivalently, that d(zg,yo) = € > 0.
Then we can find Ny € N such that if n > Ny, then d(z,,z) < § and d(z,, yo) < 5.
This implies that

d($07y0) < d($07xn) + d(yo,l'n) < % —+ g =€

As e was arbitrary, xg = yo. [ ]

Remark 2.4.3. A sequence z,, — xq iff y,, — xo for all subsequences {y,} of {z,}.

Definition 2.4.4. Given a sequence {z,}, a point z( is termed a limit point of {z,} iff there exists a
subsequence {x,, }72; with z,, it SIN

Thes set of all limit points of a sequence x,, is denoted by lim*({z,}).
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Remark 2.4.5. Note that lim*({z,}) # Lim({x,}). For example, for z,, = (—1)"~!, we have lim*({z,}) =
{-1,1} and Lim({z,}) = 0.

Theorem 2.4.6. Let (X, d) be a metric space and A C X. Then
1. zp € bdy(A) iff there exists {z,} C A and {y,} C A° with x,,y, — To
2. g € Lim(A) iff there exists {x,} C A\ {0} with z,, — x¢
3. Ais closed iff {x,,} C A and z,, — zo implies z¢ € A

Proof: 1. Suppose that zy € bdy(A).
For each n € N, we can choose z,, € B(z, %) N A and y,, € B(xo, %) N A€,
This gives us {z,} C A and {y,} C A® with z,,y, — xo.
Suppose that there exist {z,} C A and {y,} C A® with x,,y, — xo.

Let € > 0 so we can find Ny € N so that zn,, yn, € B(xo,€).
Hence zo € bdy(A).

2. Suppose that zg € Lim(A).

For any n € N, there exists z,, € B(zo, 1) N (A\ {z0}).

Hence {z,} is such that x,, # xo, but z,, — zo.

Suppose there exists {z,} C (A\ {zo}) with z, — xo.

Let € > 0 so for some n € N, x,, € B(xp, ), and as x,, # xg, T¢ is a limit point.

3. Suppose that A is closed, and let {z,} C A with z,, — xo.
If zy € A€, then there exists ¢y > 0 with B(zg,€9) N A # 0.
This is impossible, as {z,,} C A and z, — xg, and so z,, € B(xg, €g) for all n large enough.

Suppose that A is not closed.
Then there exists xo € Lim(A) with zo ¢ A.
Then there exists (by 2.) a sequence {x,} C A with z,, — z¢, contradicting the assumption. [ ]

3 Completeness

3.1 Continuity

Definition 3.1.1. Given metric spaces (X, dx), (Y,dy) with f : X — Y, the function f is termed continuous
at g € X iff for every e > 0 there exists 6 > 0 such that if dx(x,z9) < ¢, then dy (f(x), f(zg)) < e
Otherwise, xg is termed a point of discontinuity of f.

The function f is termed continuous on X iff it is continuous at every zo € X.

Theorem 3.1.2. Let (X,dx), (Y, dy) be metric spaces with zyp € X and f : X — Y. Then the following
are equivalent:

1. f(z) is continuous at xg

2. If W C Y is a neighborhood of yg = f(zq), then f=1(W) is a neighborhood of zq

3. If {z,} C X with z,, = o, then f(z,) — f(x0)

Proof: (1. = 2.) Let W be a neighborhood of yo = f(z0).
Then there exists ¢y > 0 such that B(yg,€0) C W.
Then there exists ¢ > 0 such that if © € B(xo,9), then dy (f(x), f(z0)) <€, so f(z) € B(yo,€e0) C W.
Hence B(xg,8) C f~1(W), and so xq € int(f~*(W)).

(2. = 3.) Let {z,,} C X with x,, = 2 and yo € f(zo).
For any € > 0 we have that B(yo,€) is a neighborhood of yg.
Hence V = f~1(B(yo, €)) is a neighborhood of x.
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Hence there exists § > 0 with B(zg,0) C V.
Then as x,, — xg, we can find Ny € N such that if n > Ny, then z, € B(x,J).

Then f(z,) € B(f(x0) = o ¢), and so f(a) = f(0).

(3. = 1.) Suppose that f(x) is not continuous at z.

Then there is ¢y > 0 such that for § > 0, we can find x5 with dx (zs,20) < §, but dy (f(zs), f(z0)) = €o.
Let § = % and x5 = x,.

Then z,, — zg, but f(x,) ¢ B(f(x0),¢eo) for any n.

Hence f(x,) /> f(xo). .

Theorem 3.1.3. Let (X,dx), (Y, dy) be metric spaces with f : X — Y. Then the following are equivalent:
1. f is continuous on X
2. f~Y(W) is open for every open W C Y
3. If z,, — xg, then f(x,) — f(xo)

Definition 3.1.4. Given a metric space (X, d) with A C X, a function f : X — Y is termed continuous on A
iff f|, is continuous on (A, da), where dy4 is the metric on A induced by d.

3.2 Complete metric spaces
Definition 3.2.1. A metric space (X, d) is termed complete iff every Cauchy sequence in (X, d) converges.

Definition 3.2.2. Given a metric space (X,d) with A C X, the set A is termed bounded iff there exists
29 € X and M > 0 such that A C Blzg, M].

Proposition 3.2.3. Given a metric space (X, d), if a sequence {x,} C X is Cauchy, then it is bounded.

Proposition 3.2.4. Given a metric space (X,d), if a sequence {z,} C X is Cauchy and a subsequence
{zp, } converges to xg, then x,, — .

Theorem 3.2.5. [BOLZANO, WEIERSTRASS]
Every bounded sequence in R has a convergent subsequence.

Corollary 3.2.6. The metric space (R, | -|) is complete.
Theorem 3.2.7. (R", || - ||2) is complete.

Proof: Let {Z} C R™ be Cauchy.

Then for all i =1,2,...,n, we have |zx; — T ;| < ||Zk — T |2, hence {zy, } is Cauchy and thus convergent.

Therefore Z,, — Zo, where xo; = lim [z ]. [ |
n— o0

Theorem 3.2.8. Let 1 < p < oo. Then (4, || - ||p) is complete.
Proof: The cases done here are only for p € {1,00}. For other p, the proof follows similarly.
Case 1: p= o0
Let {Z%}72, € lo be Cauchy, with & = {zs:}52;.
Note that for any i € N, |2 ; — Tm | < || Tn, — Twlloo for all m,n € N.
Hence {zy;} is Cauchy in R for all 4, and so it is convergent, as R is complete.
Let g, = klim [k,i] for each ¢ € N, and Zy = {zx,;}2;.
s —» 00
We claim that Zy € {0 and & — Zo in || - ||co-
Let e > 0.

Since {#;} is Cauchy, there exists N € N such that if k,m > N, then ||Z}, — Z) | < §.
Let n > N, soif m > N, then |z, ; — Tmi| < 5 for all 4, so we have that

<e€

N

(i = ol = T [|zn; — 2] <
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Therefore {x,,; — 0, }52; € loo, and so {x0}52; € £oo, and to prove the claim, note that
N N €
|1Zn = Tolloc = sup {[am,i —ol} < 5 <€
1

Case 2: p=1

Let {Z1}32, € {1, with &), Cauchy.

Then |z — Tm,i| < [|&% — w1, implying {xy ;}72, is Cauchy for all k£ € N.
Let zg,; = nl;rr;o[xkl] for all ¢ € N.

Let e > 0.

Then we can find N € N such that if k,m > N, then ||} — Zn[[1 < §.

Let n > N, and so if m > N, then for all j € N,

[NCN e

j
D |ni = Tl T = Flly <
i=1

This directly implies that, for all 1 € N,

J J
. €
E |zn,; — 204 = lim l E |Tn,s — $m1|1 <z-<e
; m—o0 |4 2
=1 =1

Letting j — oo, we find that

i J
. €
> nftylen; — x| = lim lz |25, — xo,ﬂ] <5 <e
. j—oo |4 2
i=1 =1
Therefore {x,,; — x0,:}52; € {1, and {zo;} € 1.
Hence |7, — Zol| < § <e. [ |

3.3 Completeness of Cy,(X)

The space Cy(X) is the space of all continuous bounded functions on z.

Definition 3.3.1. Let f,, : X — R be a sequence of functions. Then we say that {f,} converges pointwise
on X to some fp: X — Riff for all x5 € X, f,,(z0) o, folzo)

0 ifzel0,1)
1 ifx=1
Then f,, — fo pointwise, and every f, is continuous, but fj is not.

Example 3.3.2. Let X = [0,1] and f,, = 2™, with fo(z) =

Definition 3.3.3. Let (X,dx), (Y, dy) be metric spaces and {f, : X — Y} a sequence of functions with
fo: X =Y fixed. Then {f,} converges uniformly to fo on X iff for every e > 0 there exists Ny € N such
that if n > Ny, then dy (f.(z), fo(z)) < € for all z € X.

Theorem 3.3.4. If {f,, : X — Y} is such that {f,} converges uniformly on X and if each f,, is continuous
at each g € X, then fy is continuous at xg € X. In particular, if each f,, is continuous, then so is fj.

Proof: Let € > 0 and choose Ny € N such that if n > Ny, then dy (f. (), fo(z)) < §.
As fn, is continuous at xo, there exists § > 0 such that if dx (z,20) <, then dy (fn,(2), fn,(20)) < 5.
Now let dx (z,z¢) < 4, so then

dy (fo(z), fo(wo)) < dy (fo(), fn, (%)) + dy (fne (), fne (0)) + dy (fn, (z0), folo))
<3tz

=€
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Therefore fj is continuous at xg. [ |

Theorem 3.3.5. Let (X, d) be a metric space. Let Cy(X) = {f : X = R | f(z) is bounded and continuous
on R}. Let || - [|oo = sup{|f(z)| | z € X}. Then (Cp(X), || - ||sc) is & normed linear space.

Theorem 3.3.6. C(X) is complete.

Proof: Let {f,} C Cp(X) be Cauchy.

Ifz € X, then [f,(2) — fin(2)| < || fa — fimlloo, s0 {fu(2)}7%, is Cauchy for all z € X.
Let fo(x) = lim [f,(z)] for all z € X.
n—oo

Claim: fo € Cy(X) and f, —2 fo

Let € > 0.

Then there exists No € N such that if n,m > Ny, then |f,(z) — fm(z)| < § for all z € X.
Let n > Ny, so

(@) = fo(@)] = Tim_ [|fae) = ful@)] < 5 < e

This proves that f, — fo uniformly on X, which implies that f, is continuous on X.
Since f,(x) € Cp(X) is bounded, there exists M > 0 such that || fn|lcc < M for all n € N.
Then for any x € X,

[fo(@)] < |fo(@) — fno (@) + [ Fvo ()]

This proves that fy is bounded on X.
Applying the previous result, for all n > Ny

| fn(z)—folx)| < g forallz € X

€
= an_fOHoo < § <e

= fo= foin |-

This proves the claim and completes the proof. ]

Example 3.3.7.
1. Convergence in Cy(X) is exactly uniform convergence.
2. For X =N, (3(X) =l

Proposition 3.3.8. Let (X, d) be a complete metric space with A C X. Then (A,d4) is complete iff A is
closed in (X, d).

Proof: (<) Suppose that A is closed in (X, d).
Let {z,,} C A be Cauchy, so {z,} is Cauchy in X.
Therefore z,, — xg € X, but as A is closed, xg € A, so A is complete.

(=) Suppose that (A,d4) is complete.
Let {z,} C A with z,, = 20 € X.
Then {z,} is Cauchy in X and Cauchy in A.
By completeness, x, — yo € A, implying x¢ = yo.
Hence A is closed. |

Definition 3.3.9. Given a metric space (X, dx ), a completion of (X, dx )1s a pair ((Y,d,), ¢), where (Y,dy)
is complete and ¢ : X — Y is an isometry, i.e. dy(p(z1),9(x2)) = dx(x1,22) for all z1,22 € X, with
p(X) =Y.

Theorem 3.3.10. Every metric space (X, d) has a completion.
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Proof: Observe that the function I'y (x) = d(z, x) is continuous on X for all zy € X.
Choose a € X, and for every v € X, define

fo: X
X

-+ R
— dv,z) —d(z,a)

Note that f, is continuous, and
|fo(@)| = ld(v, 2) — d(v,a)| < d(v,a) = fo, € Cp(X)

Define a function ¢ : X — Cp(X) by ¢(v) = f,.
Then for v,w € X, we have that

[fo(@) = fuw(@)] = [(d(v,2) = d(v,a)) — (d(w, z) = d(w,a))| = |d(v,z) = d(v,w)| < d(v,w)
As the above holds for each = € X, we have that ||f, — fuwllco < d(v,w), and letting z = v, we find that

[fo(v) = fuw(0)| = [d(v,v) = d(v,w)| = d(v,w) = ||fo = full = d(v, w)

Let Y = ¢(X) C Cy(X), completing the completion. [ ]

Remark 3.3.11. Using the same notation as in the theorem above, note that once one isometric function
for a completion is found, they are all found. Consider two isometries @1, p2:

The function gpl_l exists as ¢p is an isometry, necessitating an inverse. Then ¢ o ¢ 12y, - Yy is an
isometry itself, and an isomorphism.

3.4 Characterizations of completeness

Recall the nested interval theorem for R:

Theorem 3.4.1. If {[a,, b,]} is a sequence with [an41,bnt1] C [an, by] for all n € N, then

ﬂ [an7bn] 7& 0
n=1

Is there a generalization of this for complete spaces?

Definition 3.4.2. Given a non-empty set A C (X,d), denote the diameter of A to be
diam(A) = sup{d(z,y) | z,y € A}

Proposition 3.4.3. Given a non-empty set A C (X, d), diam(A) = diam(4).
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Proof: If diam(A) = oo, the proposition holds, so assume that diam(A4) < co.
Clearly diam(A) < diam(A), as A C A.
Let € > 0 and z,y € A.
Then there exist w,v € A with d(z,w) < § and d(v,y) < §, so

d(z,y) < d(z,w) + d(w, v) + d(v,y)
< & +diam(4) + £
=diam(A) + ¢
As € was arbitrary, d(z,y) < diam(A), so sup{d(z,y) | =,y € A} < diam(A). ]

Theorem 3.4.4. [CANTOR’S INTERSECTION THEOREM|]
Let (X, d) be a metric space. Then the folowing are equivalent:

1. (X,d) is complete

2. If {F,}>2, is a sequence of non-empty closed subsets of X with F,,41 C F, for all n € N and
lim [diam(F},)] = 0, then

n—oo

ﬂ F,#0
n=1

Proof: (1. = 2.) Assume that {F,} is as in the assumption of 2.
For each n € N, choose any z,, € F,.
Let e >0 .
Then there exists Ny € N such that diam(Fy,) < e.
Further, for all m,n > Ny, we have that d(z,,zm) < €, hence {z,,} is Cauchy.
Since X is complete, x,, — x( for some zg € X.
However, note that {z;}2, C F,, and {z;}$2, — xo.
As F,, is closed, zg € F,, for all n € N, thus

zo € () Fa ({xo} =N Fn>

n=1 n=1
(2. = 1.) Assume 2. and let {z,} C X be Cauchy.
For each n € N, let A,, = {z;}2°,, and let F,, = A,,.
As {z,} is Cauchy, diam(A,,) — 0, implying that diam(F},) — 0.
Clearly F,, # 0 and F, 11 C F,, hence there exists zg € (),—; Fn.
Let € > 0 and choose Ny € N so that diam(Fn,) < e.
Then Ay, = {z:}72y, C Fn, C B(zo,€).
Hence for all n > Ny, d(z,,z¢) < €, implying x,, — xo. |

Remark 3.4.5. There are some counterexamples to why the limit of diam(F},) must go to 0 rather than
something else. In the first we use the 1-norm on R, and in the second example we apply the discrete metric.
1. F,, =[n,0) C R, so diam(F,,) = oc for all n € N, and (),—, F,, =0
2. F, = {i}2, C N, sodiam(F,) =1, and (|, F, =0

1=

Definition 3.4.6. Let (X, || - ||) be a normed linear space. If X is complete with respect to the metric
induced by || - ||, then (X, || - ) is termed a Banach space.

Definition 3.4.7. Let (X,|| - ||) be a normed linear space. Given {z,} C X, for each k € N, the
kth partial sum of Y7 | x, is defined as Sy, = 2221 Ty

The sum ), &, is said to converge iff {S;}72; converges. Otherwise, the sum is said to diverge.
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Theorem 3.4.8. [GENERALIZED WEIERSTRASS M-TEST)]

Let (X,] - ||) be a normed linear space with {x,} C X. Then the following are equivalent:
1. (X, -]) is a Banach space
2. If 307 [|@n|| < oo, then >0 | @, converges in X

Proof: (1. = 2.) Suppose that Y~ ||z, || converges in X.
Let T}, = Zizl |z, || for all & € N, so {T}}72, is Cauchy.
So for € > 0 we can find Ny € N such that if £ > m > Ny, then

k

Y laall =Tk — Tl <

n=m-+1

Let Sk:ZfL 1 2y for all k € N, so for kK > m > Ny as above,

n

> o

k=m+1

n

< Y lzall <e

k=m+1

1Sk = Smll =

Hence {S)} is Cauchy, and therefore convergent.

(2. = 1.) Let {z,} C X be Cauchy.
For all £ € N, choose n;, € N such that if 4, j > ng, then |z — 2] < 5%.
Let gx = ®p, — Tn,,,, and note that ||z, — 2n, || < 3¢, so that

[e’s) ] o0 1
D ollgell = Y lam, = wn < Yo 55 =1
k=1 k=1 k=1

By the assumption, the sequence {S;} = {ijl (Tn, — Tn, +1)} also converges.
The sequence {S} may be simplified to

k
Z Iny — x”]+1 = (Tn, = Tny) + @y — Tng) + -+ + (T — Tnpyy) = Ty — Ty

It follows directly that

o0

k—
Lnpyq — Tny — Z (:C"j - x”j-%—l)
j=1
Since the right hand side is finite, we have that {x,,,, } converges in (X, || - ).
Since {x,} is Cauchy, {z,} converges in (X, || - ||). |

3.5 The Banach contractive mapping theorem
Definition 3.5.1. Let (X, d) be a metric space with I': X — X. Then for all z,y € X,
- x is termed a fixed point of I" iff I'(x) = =
- T is termed Lipschitz iff there exists a constant a > 0 such that d(I'(x),'(y)) < ad(z,y)
- T" is termed a contraction iff there exists a constant k € [0,1) such that d(I'(x),T'(y)) < kd(x,y)

Theorem 3.5.2. [BANACH CONTRACTIVE MAPPING THEOREM]|
Let (X,d) be a complete metric space and I' : X — X a contraction. Then I' has a unique fixed point
T € X.
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Proof: Let x1 € X, and x; 1 = I'(x;) for i € N, and observe that

d($3, 372) = d(F(l‘Q),F(.Tl)) < k?d(.’l?g, 5171)
d(zy,23) = d(T(23),T(22)) < kd(x3, ) < k*d(29,21)
d($5,$4) = d(F(l‘4),F(l‘3)) < k‘d(l‘4,$3) S k‘Bd(xg,xl)

d(Tny1,2n) = d((2n), D(#n-1)) < kd(Tn, 2p_1) < K" (22,22)
Hence for all m >n € N,

S d(@my Tm—1) + -+ + d(Xpt1,25)
< k™ 2d(20, 1) 4 - + K"V d(20, 21)
= k" d(wg, ) (K™ 4+ k4 1)
k" Yd(xq, x1)
1-k
Since k™ — 0 as n — oo, it follows that {z,} is Cauchy.
As (X,d) is complete, {z,} converges to some zy € X.

It is clear that T' is continuous, and hence I'(z,) — I'(xg).
But I'(z,,) = p+1 — @0, and so I'(zg) = 0.

Now suppose that also T'(yo) = yo, so for all n € N,
d(o,yo0) = d(I'(z0), I'(y0)) < kd(z0,y0) = d(z0,y0) < k"d(x0, yo)
And as k € [0,1), k™d(zg, yo) — 0, and so zg = yo. [ ]

Remark 3.5.3. If k = 1, then the above theorem will not hold, as f : [1,00) — [1,00) given by f(z) =z+1
shows.

Theorem 3.5.4. [PICARD, LINDELOF]
Let f:]0,1] x R — R be continuous and Lipschitz in y. Equivalently, suppose that there exists a > 0 such
that for all y,z € R and ¢ € [0, 1],

Then for a fixed yo € R, there exists a unique function y(t) € C0,1] with

y(0) = yo
y'(t) = f(t,y(t)) forall z € (0,1)

3.6 The Baire category theorem
Remark 3.6.1. Consider the function f: R — R, given by
ifr e R\Q

ifx=0
ifr="ecQmeZmnecNgedm,n) =1

fz) =

S= = O

Then f is continuous at every z € R\ Q and discontinuous at every x € Q. However, the reverse type of
function, one that is continuous at every Q and discontinuous at every R\ Q, is impossible to construct.
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Definition 3.6.2. Let (X, d) be a metric space with A C X.
- A is termed F, iff there exist closed sets {F,}72, with A =J -, F,
- A'is termed Gy iff there exist open sets {U,}°2; with A =("_, U,
- A is termed nowhere dense iff int(A4) = ()
- A'is of first category in X iff there exist nowhere dense sets {A4,}72, with A ={J;2, 4,
- A is of second category in X iff A is not of first category

- A is termed residual iff A€ is of first category

Remark 3.6.3.
- Ais Fy iff A¢is Gs
10,1) =Up2 10,1 = L] =N (—+,1) is both F,, and G5
- If (X, d) is a metric space and F C X is closed, then F' is G5 implies F€ is F,
- @ is of first category in R
- The Cantor set is nowhere dense in R

- A is nowhere-dense in X iff A is nowhere dense in X
Definition 3.6.4. For metric spaces (X,dx) and (Y,dy), let f: (X,dx) — (Y,dy) be a function. Define

D(f) ={xo € X | f(x) is discontinuous at o}
Dy (f) = {wo € X | for every 6 > 0 there exists y, z € By (o, ) such that dy (f(y), f(z)) > 1}

Proposition 3.6.5. For metric spaces (X,dx) and (Y,dy), let f: (X,dx) — (Y,dy) be a function. Then
for each n € N, D, (f) is closed. Moreover,

D(f) = | Dalf)
n=1

hence D(f) is F,.

Theorem 3.6.6. [BAIRE CATEGORY THEOREM I|
Let (X,d) be a complete metric space. If {U,,}52, is a sequence of open dense subsets of X, then ().~ U,
is dense in X.

Proof: Let W C X be non-empty and open.
Then W N U; is non-empty and open.
Then there exists z; € X and r1 € (0, 1] with B(x1,71) C Blz1,r1] C W NU;.
We can further find 2o € X and ry € (0, 3] with B(z2,72) C Blz, 2] C (B(z1,71) N Us).
Proceeding inductively, we get sequences {z,,} C X and {r,} C (0,1] with r; € (1, 1], and

74

B(zyt1,mn+41) C Blzng1, nv1] C (B(@n,m0) N Unya)

Let F,, = Blxy,,y].
Then F,,+1 C F,, and diam(F,,) = 2r,, < % — 0 as n — oo.
By Cantor’s intersection theorem, {zo} = (\,—, F\, = oy Blzn, rnl.

Hence z € B[z1,r1] C W, meaning that zo € W and z € Blz,,r,] C U, for all n € N.
Hence zg € W N (N2, Un). [ |

Remark 3.6.7. Note that U is open and dense iff F' = U°€ is closed and nowhere dense.

Theorem 3.6.8. [BAIRE CATEGORY THEOREM II]
If (X, d) is a complete metric space, then X is of 2nd category in itself.

Proof: Suppose that X is of 1st category in X.
Then for nowhere dense sets A,,, we have that

8

1 n=1

n
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Then for U, = (Tn)c, we have that U, is dense and open in X, implying that
(N Un=X=0
n=1

As this contradicts BCTI, this is false. |

Corollary 3.6.9. Q C R is not Gs.

Proof: Suppose that Q = (., U, for each U,, open.
Since Q C U, for each n € N, U, must be dense.
Let F,, =Uy.
Then R\ Q = |J,2, F,,, where each F}, is closed and nowhere dense.
For Q = {r1,re,...}, let F = F,, U{r,}.
Then as F! is closed and nowhere dense, R = Uzozl F! is of 1st category, a contradiction. |

Corollary 3.6.10. There is no function f: R — R with D(f) =R\ Q.

One wonders if the converse is true, i.e. given an F,, set A C R, is it possible to find a function f : R — R
with D(f) = A. Tt turns out that such a function does always exist, given that A is of first category in R.

Definition 3.6.11. Let (X,d,) and (Y,dy) be metric spaces and {f, : X — Y} a sequence of functions
with f,, = fo : X = Y pointwise on X. Then {f,} converges to fo uniformly at z iff for ever e > 0 there
exists a § > 0 and Ny € N, such that for z € B(z,d) we have dy (f.(x), fo(zo)) <.

Theorem 3.6.12. Let (X,d,) and (Y,dy) be metric spaces and {f, : X — Y} a sequence of functions
with f,, = fo: X — Y pointwise on X and uniformly at zy. If each f, is continuous at xg, then fy is also
continuous at xg.

Theorem 3.6.13. Let f,(a,b) - R with f,, — fy pointwise on (a,b). If each f, is continuous on (a,b),
then f,, — fo uniformly at some zy € (a,b).

Corollary 3.6.14. If {f, : R — R} is a sequence of continuous functions with f,, — fo pointwise on R,
then there exists a dense Gs set A C R with fo(z) continuous at each zy € A.

Remark 3.6.15. It immediately follows that if f : R — R is differentiable on R, then f’(z) is continuous
at each point in a dense Gy subset of R.

Theorem 3.6.16. If {f, : (a,b) — R} is a sequence of continuous functions that converge pointwise on
(a,b), then there exists z¢ € (a,b) such that f, — fo uniformly at xo.

Proof: Claim: There exists a3 < 81 € (a,b) and N; € N such that if € [aq,51] and n,m > N, then
|fo(@) = fr(2)] < 1.

Suppose that the claim fails, so there exists a < t1 < b and ny,m1 € N such that | f,, (t1) — fm, (t1)] > 1.

Since f,,, — fm, in continuous, we can find an open interval I; with I; C (a,b) and |f,, (z) — fum, (z)| > 1
for all z € I.

As the claim does not hold, we can find ¢; € I; and ng, me > max{ny, m; } such that | f,, (z)— fm, (z)| > 1.

Again by the continuity of f,., — fm,, we can find an open interval I, with I, C I, C I; C I; C (a,b) for
which |fp, (2) — fm,(z)| > 1 for all z € I5.

Proceed now inductively to choose a sequence {I,} of open intervals and {ng},{mr} C N such that
(a,b) DI DI DI D I3 D I3 D -+ and npy1, M1 > max{ng, mg} with |fn, (¥) — fm, (z)] > 1 for all
x € Iy.

By the Weierstrass M-test, there exists ¢y € ﬂiozl I, = ﬂ;ozl 1.
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Then | fn, (to) — fm, (to)| > 1 for all k, so {f,,(to)} is not Cauchy, a contradiction.
Hence the claim holds.

By a similar inductive procedure, we can construct {[ax, Bk} with (a,b) C (a1, 81) C [a1, 81] D (a2, 82) D
[, B2] D (as3,P3) D --- and {Nr} C N with Ny < Ny < N3 < --- such that if n,m > k, then |f,(z) —
fm(2)] < 1 for all z € [ag, By).

Let 2o € 020:1[0%75/6} = ﬂz0:1(ak’ﬂk)-

Let € > 0 and choose k£ € N such that % <e€

If € (ag, Br) and n,m > k, then |f,(z) — fm(z)] < % <.

And as zy € (ag, Bk), we can find § > 0 so that B(zo,d) C (g, Bk). |

4 Compactness

4.1 Compact metric spaces

Definition 4.1.1. Let (X,d) be a metric space. A collection {Uy}aecr of open sets in X is termed an

open cover (or cover) of X iff X =] c; Ua.

Similarly, for A C X, a collection of sets {Ua }acr is said to cover A iff A C |J,c; Ua-
Given a cover {Uq }aer of X, a subcover of X is a collection {Uy}aes for J C I and X = J,c; Ua-

A subcover {U, }aes is termed a finite subcover iff J is finite.

Definition 4.1.2. A metric space (X,d) is termed compact iff every cover {U,}aer has a finite subcover.
For A C X;, A is compact iff every cover of A in X has a finite subcover. That is, A is compact in X iff
(A,dy) is compact.

Definition 4.1.3. A metric space (X, d) is termed sequentially compact iff every sequence {x,,} C X has a
convergent subsequence. A subset A C X is termed sequentially compact iff every sequence {z,} C A has a
subsequence that converges to an element of A.

Definition 4.1.4. A metric space (X, d) has the Bolzano-Weierstrass property (or BWP) iff every infinite
subset of X has a limit point.

Theorem 4.1.5. Let (X, d) be a metric space. Then the folowing are equivalent:
1. (X,d) is sequentially compact
2. (X,d) has the BWP

Proof: (1. = 2.) Let A C X be infinite, so we can find {z,} C A with z,, # z,, <= n #m.
Then there exists {z,, } C {z,} with z,, — xo.
Let € > 0 so that B(xo,€) contains infinitely many terms of {z,, }, hence x¢ € Lim(A).

(2. = 1.) Let {z,} C X.

If there is an element in {x,} that appears infinitely many times, then clearly {z,} has a convergent
subsequence.

If this is not true, then {z,} as a subset of X is infinite.

We may also assume WLOG by (potentially) replacing {z,, } with a subsequence {z,,, } that z,, # x,, <
n#m.

Then A = {z,,} has a limit point zy € X.

Let € = 1, so there exists ny € N such that z,, € B(zo,1).

Similarly we can find ny > ny such that z,, € B(zo, 3).

Proceeding inductively, we find {n;} C N increasing and {x,,, } with d(z,,,20) < 1.

Hence z,, — zo. |
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Proposition 4.1.6. Let (X, d) be a metric space and A C X. Then
1. If A is compact, then A is closed and bounded.
2. If A is closed and (X, d) is compact, then A is compact.
3. If A is sequentially compact, then A is closed and bounded.
4. If Ais closed and X is sequentially compact, then A is sequentially compact.
5. If X is sequentially compact, then X is closed.

Proof: 1. Let Xy € X and let U,, = B(zo,n) for all n € N.
Then {U, }72, is a cover of A.
Hence there is a finite subcover {U,,,}¥_, of A with {n;} increasing.
Thus A C B(xg,nk), and if A is not closed, we can find 2y € bdy(A) D A.
Let V,, = Bz, 1]°.
Then A C J;—, V,, and {V,,}52, is a cover with no finite subcover.

2. Suppose that X is compact and A C X is closed.
Let {Uq}aer be a cover of A, so {Uy}aer U {A} is a cover of X.
Hence there is a finite subcover {Ug }aecs U {A°} of X and A C {Uy}ac-

3. Suppose that A is sequentially compact.

Let {z,} C A with z,, — xg.

By sequential compactness, we have a subsequence {z,, } with z,,, — yo € A.
Hence zg = yo and zg € A, so A is closed.

Suppose that A is not bounded.
Then we can find {z,} C A with d(z,,2,) > 1 for all n # m.
Therefore {x,,} has no Cauchy subsequence, so A cannot be sequentially compact.

4. Suppose that A is closed and X is sequentially compact with {z,} C A.
Then there exists {x,, } C {x,} with z,,, — z¢ € X.
Since A is closed, zg € A.

5. Let {z,} C X be Cauchy.
Then {z,} has a convergent subsequence, so {x,} converges.

Remark 4.1.7.
- If A C R is closed and bounded, then A is sequentially compact.
- A sequence {zy} C R" converges iff {z,,;} C R converges for all 1 < i < n.

Definition 4.1.8. A cell in R™ is a set A = [a1,b1] X [ag,b2] X « -+ X [an, by].

Theorem 4.1.9. [HEINE, BOREL]
A set A C R" is compact iff A is closed and bounded.

Proof: (=) Trivial.

(«=) Assume that A is closed and bounded, but that {U, }aer is a cover of A with no finite subcover.
Since A is bounded, there exists a closed cell J; = [a1,b1] X -+ X [an, by] with A C J;.

Bisecting each of the component 1-cells [a;, b;] to subdivide A into 2™ closed subcells.

Then at least one of those is such that its intersection with A cannot be covered by finitely many Ul,.
Call this closed subcell J2, and note diam(J) = Sdiam(.J).

Proceed inductively to construct a sequence {Ji} of closed cells such that Ji11 C Ji.

Then diam(Jy41) = 2diam(Jj,).

Let F, = AN Jg, so F}, cannot be covered by finitely many sets Ul,.

Note that diam(Jy,) = se—rdiam(J;) — 0.
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Hence Fj, is a sequence of non-empty nested closed sets with disappearing diameter.

Hence by Cantor’s intersection theorem, (., Fr = {zo} C A.

Since g € A, xo € U,, for some ag € 1.

Therefore there exists € > 0 such that B(zg,€) C Uy,-

If k is large enough so that diam(Fy) < §, then Fy C B(zo,€) C Uy,.-

Now we have a finite subcover of Fy, a contradiction, so {U, }aer has a finite subcover. |

Now we know what compactness is in R™. Hence we can make the following observations.

Remark 4.1.10. Let A C R™. Then equivalently
- A is compact
- A is sequentially compact
- A has the BWP
- A is closed and bounded

Definition 4.1.11. Let {Ay}aer € P(X)\ {0}. Then {A,}oecs has the finite intersection property (FIP)
iff given {Aq,, ..., Aq, }, we have that [, Aq, # 0.

Theorem 4.1.12. Let (X, d) be a metric space. Then equivalently
1. X is compact
2. If {Fo}aer is a collection of non-empty closed sets with FIP, then (o, Fo # 0

Proof: (1. = 2.) Suppose X is compact and {F,}aer is as in 2.
If Nper Fo =0 and U, = FS, then J,c; Uy = X, s0 {Uqs}acr is a cover.

acl ~a
By compactness, there exists {Uy,, ..., Us, } a finite subcover.

Hence (., F,, = 0, contradicting the FIP.

(2. = 1.) Suppose that 2. holds but X is not compact.

Then there exists a cover {U, }aer with no finite subcover.

Let F, = Ug, so then {Fy }aer has the FIP, so (o, Fo # 0.

This contradicts the fact that {U,}acr is a cover. [ ]

Corollary 4.1.13. If (X,d) is compact and {F,}52, is a sequence of non-empty and closed sets with
F,11 C F, for all n, then (,—, F,, # 0.

Corollary 4.1.14. If (X, d) is compact, then it has the BWP. In particular, (X, d) is sequentially compact.

Proof: Let A C X be infinite.
Let {x1,22,...} C A be a sequence of distinct elements, and F,, = {zy, Tpy1,. .. }-
By the previous corollary, there exists zo € [, F.
Hence for every € > 0 we have B(zg,€) N {Zn, Tnt1,...} # 0.
Therefore B(zg,€) N A is infinite, so zy € Lim(A). [ |

Definition 4.1.15. Let (X, d) be a metric space. Then (X, d) is termed totally bounded iff for any ¢ > 0
there exist finitely many points {z1,...,2,} C X with X = {J_, B(z;,€).

Given a collection of points {x4 }aer C X with X = J_.; B(za,€), the set is termed a e-net for X.

acl
A set A C X is termed totally bounded iff (A, d,) is totally bounded.

Remark 4.1.16.
- If X is totally bounded, then X is bounded.
- The metric space (N, d) for d the discrete metric, is bounded, but has no finite %—net.

Theorem 4.1.17. If (X, d) is sequentially compact, then (X, d) is totally bounded.
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Proof: Suppose that (X, d) is not totally bounded.
Then there exists € > 0 such that X has no finite e-net.
From this we may construct a sequence {x,} C X with d(z,,2m) = € > 0 for n # m.
Then {z,} cannot have a convergent subsequence, so (X, d) can not be sequentially compact. [ ]

Remark 4.1.18. For A C (X,d), A is totally bounded iff A is totally bounded. Given € >0 , a 5-net for
A is an e-net for A.

Theorem 4.1.19. Let (X, dx) be sequentially compact, and f : (X,dx) — (Y, dy) continuous. Then f(X)
is sequentially compact in (Y, dy).

Proof: Let {y,} C f(X).
Then there exists {z,} C X with y, = f(x,) for all n € N.
By sequential compactness, we can find a subsequence {z,, } of {x,} with x,,, — 2o € X.
Let yo = f(zo) € f(X).
Then we have that y,, = f(x,,) = f(z0), and so f(X) is sequentially compact. [ |

Corollary 4.1.20. [EXTREME VALUE THEOREM|]
If (X, d) is sequentially compact and f: X — R is continuous, then there exist ¢,d € X wih f(¢) < f(z) <
f(d) for all x € X.

Proof: As f(X) is sequentially compact in R, f(X) is closed and bounded.
Let a = glb(f(X)) and 8 = lub(f(X)).
Then a, § € f(X) so there exist ¢,d € X such that a = f(c) and 8 = f(d). [ |

Theorem 4.1.21. [LEBESGUE]
Let (X, d) be sequentially compact and {U, }ocr an open cover of X. Then there exists ¢y > 0 such that if
0 <0 < ¢ and g € X, then there exists ag € I with B(xzg,d) C Up,-

Proof: Given z € X, define p(x) = sup{r > 0 | there exists ag € I with B(z,r) C Uy, }.
If Uy, = X for some ay, the theorem is trivial, so assume U,, # X for all oy € I.
With this assumption, given that X is bounded, we have that p(z) < co for all z € X.
By the triangle inequality for z,y € X, we find that p(z) < d(z,y) + ¢(y).
This implies that |¢(x) — ¢(y)| < d(z,y).
Hence ¢ is uniformly continuous.
By the EVT, ¢ attains its minimum value ¢y > 0 on X. |

Note that the ¢y found above is termed the Lebesgue number for the cover {U,}aer-

Theorem 4.1.22. [LEBESGUE, BOREL]

Let (X, d) be a metric space. Then equivalently
1. X is compact
2. X has the BWP
3. X is sequentially compact

Proof: We already know 1. = 2. <= 3., hence it remains to prove 3. = 1..
Let {Uy}aer be an open cover of X.
Let €y be the Lebesgue number for this cover, and find § with 0 < § < €.
Since X is totally bounded, there exist finitely many points {z1,...,z,} C X with X = J;_, B(z;,9).
Since § < g, there exists a; € I with B(z;,d) C U,, for all i.
Therefore X = J_; U, and so X is compact. |

Theorem 4.1.23. Let (X, d) be a metric space. Then X is compact iff X is complete and totally bounded.
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Proof: (=) Already known.

(<) Let {z,} C X and X be totally bounded, so X has a finite +-net for all k € N.
Then there exists an open ball S = B(y;,1) of radius 1 that contains infinitely many terms of {x,}.
And there exists an open ball S; = B(ys, ) of radius § that contains infinitely many terms in {z,,} NS;.
Proceed to construct a sequence {Si} = {B(yx, 1 } with infinitely many terms of {z,} in SN S2N---NS}.
Then there exist ny < ng < --- such that z,, € S;N---N Sk.
Given € > 0, choose N € N such that if ¥ > N, then diam(S;) = £ < e.
If k> m > N, then z,,_,zy, € Sy, which implies that d(x,, , ., ) <€, so {z,} is Cauchy.
Hence X is seuentially compact, so X is compact. |

M)

~— T

Definition 4.1.24. Let (X,dx), (Y, dy) be metric spaces. Then f : X — Y is termed uniformly continuous
iff for every € > 0 there exists 6 > 0 such that if dx(z1,x2) < 4, then dy (f(z1), f(z2)) < e

Remark 4.1.25. Uniform continuity implies continuity.

Theorem 4.1.26. [SEQUENTIAL CHARACTERIZATION OF UNIFORM CONTINUITY]
Let (X,dx), (Y, dy) be metric spaces. Then equivalently

1. f is uniformly continuous

2. If {z,}, {zn} C X are such that dx (2, z,) — 0, then dy (f(zn), f(zn)) — 0.

Proof: (1. = 2.) Let e > 0.
By uniform continuity, there exists § > 0 such that if z, z € X with dx(z, z) < 4, then dy (f(x), f(2)) < e.
We can find N € N sugh that if n > N, then dx(x,, z,) < 4.
Hence if n > N, then dy (f(zn), f(2n)) < €.

(2. = 1.) Suppose f is not uniformly continuous.
Then for some €y > 0 and each 6 > 0, we can find x5, zs € X with dx (zs,25) < 0.
This gives us that dy (f(xs), f(zs)) = €o-
Let § = 1 to get two sequences {z,},{zn} C X with dx(zp,2,) < 2 and dy (f(xn), f(2n)) = €.
Hence 2. fails. |

Theorem 4.1.27. Let (X,dx) be a compact metric space. If f : (X,dx) — (Y,dy) is continuous, then f
is uniformly continuous.

Proof: Suppose that f is not uniformly continuous.
Then there exist {z,},{z,} C X with dx(xn,2,) = 0, but dy (f (), f(zn)) = €0 > 0 for all n € N.
Since (X, dx) is compact, {x,} has a subsequence {z,, } with x,, — xo € X.
Therefore also z,, — x for some subsequence {z,, } of {z,}.
By continuity, f(z,,) — f(xo) and f(zn,) — f(x0), but from above dy (f(2n, ), f(2n,.)) 7 0.
This is a contradiction. |

Definition 4.1.28. If (X,dx), (Y,dy) are metric spaces, then a homeomorphism between X and Y is a

bijection ¢ : X — Y with ¢ and ¢! continuous.

Remark 4.1.29. If ¢ is a homeomorphism, then U C X is open iff ¢(U) is open. Hence (X, dx) and (Y, dy)
are essentially the same as topological spaces.

Theorem 4.1.30. Let (X,dx), (Y,dy) be metric spaces and X be compact. If ¢ : X — Y is bijective and
continuous, then ¢! is continuous.

Proof: We need to show that if U C X is open, then ¢(U) is open.
Let FF =U*¢, so F is closed, and further compact.
Hence ¢(F') is compact, and further closed.
As o(U)¢ = p(F), we have that ¢(U) is open. [ |
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4.2 Finite dimensional normed linear spaces

Definition 4.2.1. Let W be an n-dimensional vector space with basis {vi,...,v,} and T';, : R® — W
defined by

Tn((ar,...,a,)) = a1v1 + -+ + apvy,
Then T, is termed a vector space isomorphism, and I'™t : W — R™ is also an isomorphism.Let (W, ]| -

[lw), (V, |- |lv) be normed linear spaces. Let Ty, — W be linear. Let ||T|| = sup{||T(v)|lw | v € V; ||v||v = 1}.
Then T is termed bounded iff || T < co.

Definition 4.2.2. If T : V — W is linear, then T is bounded iff T" is continuous.

Remark 4.2.3.
- T is bounded iff T is uniformly continuous
- T is bounded iff T is continuous at 0 € V'

Theorem 4.2.4. Let (W, || - |lw) be an n-dimensional normed linear space. Let I',, : R” — W be as before.
Then T',,,T,,! are bounded.

Proof: Let {v1,...,v,} be a basis of W.
Let a = (a1,...,a,) € (R™, || - ||2) be such that ||al2 < 1.
Then I',,(a) = a1v1 + - - - + a, vy, and

n
ITa(@)llw < llarvllz + - + lanvalla < [vrllzar + -« + [[vnll2an = [Tall < 3 llvillz
=1

This shows that I',, is bounded.

Now let S = {a € R | ||a| = 1}.

As S is compact, I',,(.S) is compact on W.

The map w — |Jw]||2 is continuous on W, so I',,(S) has an element wy of least norm.

However, ||wgll2 > 0.

Let o = min{||I'(a) | a € S} > 0.

If we W and |lw||2 < a, then [T, (w)]]2 < 1 and further T < L. [ |

Theorem 4.2.5. If (W, ] - ||w) is n-dimensional and (V||| - ||v) is m-dimensional and T : V' — W is linear,
then T is bounded.

Proof: Consider the following diagram.

T

(W - llw) VoIl llv)
r;t r!
Iy Lo
n S n
(R™, [ 1]2) (R [~ 1l2)

The map S =T,'oT oT, : R® — R™ is necessarily bounded and continuous.
Therefore the map T'=T, 0 S o I';! is similarly bounded and continuous. |

Corollary 4.2.6. For the spaces as above, if the map T : W — (V|| - ||v) is linear, then it is bounded.

Remark 4.2.7. As T, is a homeomorphism, (W, | - |lw) =~ (R™,| - ||2), for W n-dimensional. Moreover, if
w € W, then

T (w)llz < T3 HHwllw = Jlwllw = T2 (07 W) llw < ITallIT5 ()2 < (TalHIT5 [w]lw
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This means that there exist a, 5 € W such that for all w € W,
a0 (w) e < lwllw < BIIT, (w)]2

Hence we come to the following conclusions.

- U C W is open iff I';;1(U) is open in R™
- A C W is bounded iff I';; }(A) is bounded
- F C W is closed iff T';;! is closed

This implies that {w,,} C A is Cauchy iff {I',;*(w,,)} is Cauchy, which in turn implies (W, |- |lw) is complete.

Remark 4.2.8. If (V,|| - ||v) is a normed linear space and W C V is a finite-dimensional subspace, then W
is closed. Further, if (X, | - ||x) is an infinite-dimensional Banach space and {U, }qcs is a basis of X, then
I is uncountable.

Remark 4.2.9. If (V.| - ||v) is a normed linear space and W C V is a proper subspace of V, then int(V) = .

4.3 The Weierstrass approximation theorem

Proposition 4.3.1. The set of polynomials is dense in C|[a, b].

To prove this, we first show how to normalize functions, so that we are only considering the interval [0, 1],
and f(0) = f(1) =0. Let ¢ : [a,b] — [0,1] be defined by

Tr—a

pla) =3 —

Then ¢, ¢! are continuous bijections, and the linear isometric operator I : C[a, b] — C[0,1] with T'(f)(t) =

f o (t) normalizes all functions to [0,1]. Let T : C[0,1] — C[0,1] be defined by

T(f)(x) = f(z) = (f(1) = £(0))z + £(0))

Then T is a linear isometric operator and enforces that f(0) = f(1) = 0. Hence we may assume that all

f e Clo,1] with f(0) = f(1) =0.
Lemma 4.3.2. For any z € [0,1] and n € N, (1 — 2%)" > 1 — na?®.
Proof: Let h(z) = (1 — %)™ — 1 +na?, so h(0) = 0, and
B (x) =2nz(1 — (1 —2*)""1) >0
Hence h(x) is always increasing, and the result follows. ]

Theorem 4.3.3. [APPROXIMATION THEOREM - WEIERSTRASS]
For f € Cla,b] there exists a sequence of polynomials {P,} such that P, — f uniformly on [a, ]

Proof: First we assume that [a,b] = [0,1] and f(0) = f(1) = 0.
From here we may extend f to a uniformly continuous function on R, by f(x) = 0 for all = ¢ [0, 1].
For each n € N, define

Qu(t) = cn(1 — %), [1 Qn(t)dt =1
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Then we have that

2
-2(507)
o L
Vn
Hence ¢, < /n.
For n € N, let
1
— [ s
1

:/__zf(x—i—t)Qn(t)dt

- / ) Qu(u - 2)du

Above the change u = = + ¢ was made.
Now apply The Liebniz rule to get

2n+1 2n—+1
d P,(x) / flu 8 Qn(u—2x)du =0

dx2n+1 x2n+1
Hence P, is a polynomial of degree at most 2n.
So if 6 € (0,1), then ¢, (1 — 2%)" < v/n(1 —62)" on [—-1, 6] U4, 1].

Let € > 0 and 0 € (0,1) such that if |[t| <6, then |f(x +t) — f(z)| < § for all z € R.
Let z € [0, 1], so then

1
Pu() - f(a)] = \ [ ue+n- f(x))Qn(t)dt‘
< / (1) = F@IQu0)t

)

_5 1
< [ 10— f@@uwdt+ [ 1) - f@I@ude+ [ 1@ +1) - f@lQute
-1 —0 4
<2l = 6" + 5 + 2] fllaov/n(1 — 6"
= 4]/ flloe V(1 = %" + 5
Let n be large enough so that 4| f||ec/n(1 — 6%)™ < &, and the result will follow. |

Corollary 4.3.4. Let f € C[0,1], and assume that fo t)t"dt = 0 for all n € NU{0}. Then f = 0.

Corollary 4.3.5. C|[a,b] is separable.
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Proof: Define the following sets:

P, = {p(z) € Cla,b] | p(z) is a polynomial of degree n over R}
Qn = {p(z) € Cla,b] | p(z) is a polynomial of degree n over Q}

Note that Q,, = P,.
Since |J,2; P, is dense in Cla, b], we have that | J—; @, is dense in Cla, b]. [ ]

Proposition 4.3.6. The collection of nowhere-differentiable functions in C[0, 1] is residual.

Lemma 4.3.7. For each n € N define
Fn ={f(x) €C[0,1] | 3 z9 € [0,1 — L] such that | f(zo+ h) — f(z0)| < nh VO <h <1—x}
Then F,, is closed and nowhere dense in C10, 1].

Proof: Let n € N and {fx} C F,, with fi = fin || - ||co-

For each k, we can find zj, € [0,1 — 1] with | fi(zx + ) — fr(zx)| < nhforall 0 < h <1 — zy.

WLOG, assume that, by choosing a subsequence if necessary, x, — 2 € [0,1 — %]

Let 0<h<1l—x9gande>0.

We can choose Ny € N such that if & > Ny, then 0 < h < 1—x, and N7 > Ny, such that if kK > Ny, then
1. |f(z0) — flow)| < £
2. |f(wo+h)— flzx +h)| < §
8. 1=l < 5

Now note that

|f(@o) = fzo +h)| < [f(zo) = flai)| + | f(2x) — felzi)| + [ fu(zr) = frlxe + W) + [fr(@p + h) = f(zg + R)| + | f (2 + h) = f(z0 + h)|
< 1 + 1 + nh+ 1 + 1
=nh+e

Since € was arbitrary, |f(zo) — f(2o + h)| < nh, hence f € F,, and F,, is closed.

Now let f € C[0,1) and € > 0.
Then we can find a polynomial p(z) with ||f —pllec < §.
Define functions

L if 2 € [0,1] 3\ _
wm»—{Qx e o) =3 (7) et F(@) = gl

Choose a > 0 such that [|aF|lo < §.
Then p(x) + aF(x) € F¢ for each n, so || f — (p 4+ aF)||w < €. ]

Theorem 4.3.8. [BANACH, MAZURKIEWICZ]
Let NDJ0,1] be the set of continuous nowhere-differentiable functions on [0, 1]. Then N DI0, 1] is residual in
(€10, 1], [l - loo)-

Proof: Let f € C[0,1] be differentiable at z¢ € C[0,1].
Then f € F, for some n € N, and hence

NDI0,1] D (U ]-'n> — ND0,1°c |JFn
n=1 n=1

1st category
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4.4 The Stone-Welierstrass theorem

Definition 4.4.1. Let (X,d) be a compact metric space. Then ® C C(X) is termed point separating iff
whenever z,y € X with x # y, there exists ¢ € & with p(x) # ¢©(y).

Proposition 4.4.2. If (X,d) is a compact metric space, then C'(X) is point separating.

Proof: Let a,b € X with a # b.
Let f(z) = d(a,x), so f(a) =0 and f(b) # 0. ]

Remark 4.4.3. Suppose that ® C C(X) is such that f(x) = f(y) for all f € ®. If g € ®, then g(z) = g(y)
as well. Hence if @ is dense in C(X), it must be point-separating.

Definition 4.4.4. A linear subspace ® C C(X) is termed a lattice iff for each f, g € @,
i. fvge®, for (fVyg)(r)=max{f(z), g(z)}
iil. fAge®,for (fAg)(x)=min{f(z),g(x)}

Remark 4.4.5. First note that the subspace of all piecewise linear functions is a lattice. Further, note that
condition ii. above is superfluous, as

fAg=—(=fV—g)
Next, observe that condition i. above may be replaced with simply having the absolute value of any function
in the space, as

Fvg=5(+g-1f gl

Theorem 4.4.6. [STONE, WEIERSTRASS - LATTICE VERSION]
Let (X, d) be a compact metric space, and ® a linear subspace of C'(X) such that

i. @ is point separating

ii. 1ed

iii. If f,g € ®, then fVge ® (ie. D is a lattice)
Then & = C(X).

Proof: Let o, f € R and z,y € X with x # y.

Then there exists g € ® with g(z) = « and ¢(y) = 8.
Since ® is point separating, there is ¢ € ® with ¢(x) # ¢(y), so define

o(t) — ()

git)=a+ (8 —a)—5F———=
) ( )ww)*w@)

This function satisfies the conditions.

So now let f € C(X) and let € > 0.

Step 1: Fix z € X.

We know that for all y € X, we can find ¢, , € ® with ¢, ,(z) = f(z), and s ,(y) = f(y).
For each y € X, ¢, 4(t) — f(t) is continous, with ¢, ,(y) — f(y) = 0.

We can find 6, > 0 such that if z € B(y,d,), then |p, ,(2) — f(2)] < e

Then {B(y, ;) }yex is a cover of X.

Then there exists {y1,...,yn} with {B(y;, dy,)}7—; covering X.

Let ©z(t) = Qay, V Pay, VooV oy,

Then ¢, € ® with p,(z) =z, and f(z) — € < @ (z) for all z € X.

Step 2: Note that op(t) — f(t) is continuous and ¢, (z) — f(z) = 0.

So for each x € X, we can find 0, > 0 such that z € B(z,d,), and hence |¢,(z) — f(2)| < e.

As before, we can find {z1,..., 2y} with {B(z;,d,)}jL; a cover of X.

Let ¢ = g, A gy N+ AUD,,, € D.

Then for any z € X, we have that f(z) —e < p(z) < f(2) +e. [ |

34



Definition 4.4.7. A linear space ® C C(X) is termed an algebra iff f,g € ® implies fg € @, for (fg)(z) =
f(x)g(x).

Remark 4.4.8. Let ® C C(X) be an algebra. Then ® is also an algebra. To see this, let f,g € ®, and
{fn},{9n} C ® with f, — f and g, — g. Then

19— frgnlloe < If9 = faglloe + | fng — frgnlls

< lglloollf = falloo = I fallocllg = gnlloc

< lgllsellf = falloo + Mllg — gnlloo
n—oQ

—0

The M above is such that || fn|lcc < M for all n € N.

Theorem 4.4.9. [STONE, WEIERSTRASS - SUBALGEBRA VERSION]
Let (X, d) be a compact metric space, and ® a linear subspace of C'(X) such that

i. ® is point separating

ii. 1e®

iii. If f,g € @, then fg e ®
Then & = C(X).

Proof: Since ® also satisfies the above conditions, assume that ® is closed.
Let fe ®and e > 0.
Then f is bounded, so there exists M > 0 such that f(z) € [-M, M] for all z € X.
By the Weierstrass approximation theorem, we can find p(t) = ag + a1t + - - - + a,t"™ with

6] — p(t)] < € ¥ t € [~ M, M]
Let pof=ap+arf+- -+ anf™ € ®, so then
[lf(@)] — (po fl(z)|<eVzeX

Hence |f| € ®.
As fVg=3(f+g+|f—gl), ®is alattice and is dense in C(X).
As @ is closed, ® = C(X). ]

Example 4.4.10.

- X =a,b]
A function f € C(X) is piecewise linear (or polynomial) iff there is a partition P = {a =ty < t; < -+ <
t, = b} such that on [t;_1,t;], f(z) = m;x + b; (or f(x) = p;(x) a polynomial). Moreover, if we let

O ={f € Cla,b] | f is piecewise linear (or polynomial)}
then ® is a lattice, and hence ® = Cla, b].

- X =10,1] x [0,1]
Then if we let

¢ = {h: Zfz‘(af)gz'(l“) | firgi € C[0,1],n € N}

Then ® is a subalgebra, and hence ® = C([0,1] x [0, 1]).
Definition 4.4.11. Let (X,d) be a compact metric space. Then define
C(X,C)={f:X — C| f is continuous}
1£lloc = max{]f(x)[}
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Remark 4.4.12. For f € C(X,C) with f = Re(f) +iIm(f), we have that

|

Re(f)

Where f = Re(f) — ilm(f).

Theorem 4.4.13. [STONE, WEIERSTRASS - COMPLEX VERSION]
Let (X, d) be a compact metric space, and ® a self-adjoint linear subspace of C(X,C) such that

i. @ is point separating
ii. 1e®
iii. f,g € ® implies fg € ®
Then ® = C(X,C).
Example 4.4.14. Let X =11 = {\ € C | |\| = 1}, and ¢ : [0,27] — II given by ¢(0) = €™ = cos(6) +
isin(f). Define a metric on [0, 27) by the arc-length on II. Then
C(I) ~ C([0,2m)") = {f € C([0,2x]) | f(0) = f(m)}

which is the set of 2m-periodic functions. Then define the point separating algebra algebra of C([0,27)*) to
be

Trig(IT) = span{1, cos(nx),sin(mx) | m,n € N} = {h = Z a, cos(kx) + by sin(k:a;)}
k=0
Trige(IT) = span{e™’ | n € Z}

4.5 The Arzela-Ascoli theorem
Remark 4.5.1. Given F C C(X), for (X,d) a compact metric space, when is F compact?

Definition 4.5.2. Given a metric space (X, d), a set A C X is termed relatively compact iff A is compact.

Note that an A is totally bounded iff A is totally bounded, it follows that 7 C C(X) is relatively compact
iff F is totally bounded.

Definition 4.5.3. Let (X, d) be a compact metric space with F C C(X). Then F is termed equicontinuous at x

iff for each € > 0 there exists 6 > 0 such that if d(z, x¢) < ¢, then |f(z) — f(xo)| < e for all f € F.
Similarly, F is termed equicontinuous iff F is equicontinuous at all zg € X.

Further, F is termed uniformly equicontinuous iff for each € > 0 there exists § > 0 such that for all z,y € X,
it d(z,y) < 9, then |f(x) — f(y)| < e for all f € F.

Example 4.5.4. Let 7 = {2"}22,. Then F is equicontinuous on [0, 1], but not on [0, 1].

Remark 4.5.5. It follows from the definition that if F is finite, then it is uniformly equicontinuous.

Proposition 4.5.6. Let (X,d) be a compact metric space, and F C C(X) equicontinuous. Then F is
uniformly equicontinuous.

Proof: Let € > 0.
For each x¢ € X, there exists d,, > 0 such that if d(z,x) < dz,, then |f(x) — f(z0)| < §.
This holds for all f € F.
Note that {B(zo, 0z, ) }zecx s a cover of X.
Hence this cover has a Lebesgue number d; > 0, so choose 0 < §y < 4.
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Hence for any y € X there is some z¢ € X so that B(y,dp) C B(zo, g, )-
So for z € B(y, dp), we have that

|f(y) = f(2) < |f(y) — f(xo)| + | f(z0) — f(2)]
<l

=€

Definition 4.5.7. Let (X, d) be a compact metric space with F C C(X). Then F is termed pointwise bounded
iff for each xg € X, {f(zo) | f € F} is bounded.

Proposition 4.5.8. Let (X,d) be a compact metric space and F C C(X) equicontinuous and pointwise
bounded. Then F is uniformly bounded.

Proof: As F is uniformly equicontinuous, there exists 6 > 0 such that d(z,y) < § implies |f(z) — f(y)| < 1.
The above holds for all f € F.
Let {z1,...,x,} be a é-net for X, and suppose that |f(x;)] < M; for each f € F.
Let My = max{M;,..., M.}, so if z € X, then there exists z; with d(z,z;) < § implying

[f (@) < |f(@) = fa)| + |f ()] < 1+ Mo

Theorem 4.5.9. [ARZELA, ASCOLI]

Let (X, d) be a compact metric space with F C (C(X), || - ||s). Then equivalently:
1. F is relatively compact
2. F is equicontinuous and pointwise bounded

Proof: 1. = 2. As F is relatively compact, it is bounded.
Hence it is both pointwise and totally bounded.
Let e > 0.
So there exists a finite §-net {f1,..., fn} C F of F.
Since {f1,..., fn} is uniformly equicontinuous, there exists 6 > 0 with d(z,y) < § implying

|fz‘($)—fi(y)|<§Vm,y6Xandi:1,...,n

Let f € F.
For d(z,y) < d, there exists ig € {1,2,...,n} such that ||f — fillcc < §, 50
|f (@) = f)| < 1f (@) = fio (@)] + |fio () = fis W] + |fio () — f (W)
€ € €
< g + g + g
=€
Hence F is equicontinuous.

2. = 1. Since (X, d) is compact, F is uniformly equicontinuous and uniformly bounded.
Hence there is M > 0 such that f(z) € [-M, M] for each f € F and = € X.

Let e > 0.

Let P={-M =yo <y1 <+ < ym = M} be a partition of [-M, M], with

€
| P|| = max{y; —yi—1} < 3
J
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As F is uniformly equicontinuous, there exists 6 > 0 with d(x, z) < d implies [f(z) — f(2)| < §V f € F.
Let {z1,...,2,} be a é-net for X, and

®={c:{1,2,...,n} > {1,2,...,m}}
Then |®| = m™ = £ < oo, so for each k =1,...,¢, let

Fe={f e F| f(x:) € Wor(i)—i»Yorp)] Vi=1,...,n}
¢
F= %
k=1

If possible, choose fi € Fj, for every k.
Then for f € F, f € Fj for some k, and for w € X, w € B(x;,0) for some i, so

[f(w) = fre(w)| < |f(w) = f@)| + [ f(2:) = frlw)| + | fr(@:) = fr(w)]
€ € €
< 3 + 3 + 3
=€
Hence ||f — frlloo <€, and {fx} is an e-net for F. ]

Definition 4.5.10. Let (X, || ||x), (Y, ]|-|ly) be metric spaces. Then a linear map I' : (X, [|-||x) = (Y, |- |lv)
is termed compact if I'(Bx[0,1]) C Y is relatively compact.

Theorem 4.5.11. [PEANO]
Let D C R? be open and f continuous on D. Then for (zg,y9) € D, the differential equation 3’ = f(z,y)
has a local solution passing through the point (zo, yo).
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of R", norm, [I0]
of Cy(X), Euclidean, [I0]

completion, -, [10]
conjugate pair, [I0] standard,
continuity supremum, [I0]
at a point, [I5] nowhere-differentiable, [33]
on a set, [I5]
contraction, 2] open, [T2]
convergence ordering,
of a sequence, by containment, [3]
pointwise, [[7] by inclusion, [3]
uniform, [17] partial,
uniform at a point, total,
cover, [25] well-, [
open, 29 .
partial sum,
dense, point separating, [34]
nowhere, 23] poset, [3
diameter, [T9] product,
discontinuity property
algebra, (33 at a point, [T5] Bo.lzapo—Weier?trass,
anti-symmetric, Bl divergence finite intersection,
axiom of choice, [2] of a sequence, pullback,
ball, equicontinuous, [36] reflexive,
closed, at a point, [36] relation,
open, [[7 uniformly, separable, [
bound fixed point, set, 2 12
greatest lower, closed,
least upper, graph, finite,
boundary point, infinite,
bounded homeomorphism, [29] of first category, 23]
operator, 30] o of second category, [23]
pointwise, [37] }ntCI‘lOI", 3 open, [12]
boundedness isometry, [[§ power, [2]
of a set, lattice, residual,
e
chain, of a sequence, [14] space
closed, of a set, @ ’ Banach,
closure, Lipschitz property, metric, [12]
cluster point, normed linear,
cmopact maximal element, topological, [12]
operator, [38] metric, [T0] subcover,
compact, [25] discrete, finite,
relatively, induced, [T0] symmetric, [3]
sequentially, induced by a topology, symmetric difference,
comparable, metric space, [I0]
completeness, theorem
of £, neighborhood, Baire category, 23]
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Banach conractive

mapping, 2]
Cantor’s intersection, [20]
extreme value, [2§]

Mathematicians
Arzela, Cesare,
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Baire, Rene-Louis, [23]
Banach, Stefan,
Bolzano, Bernard,
Borel, Emile, 26] 2§

Cantor, Georg, [20]

de Morgan, Augustus, [2]

Heine-Borel,
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Weierstrass
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Heine, Eduard,
Holder, Otto,

Lebesgue, Henri,
Lindelof, Ernst,
Lipschitz, Rudolf,

Mazurkiewicz, Stefan,
Minkowski, Hermann, [T]]

Peano, Giuseppe, [3§|
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totally bounded, [27]

transitive, [3]

Picard, Charles Emile,
Russell, Bertrand, [9]
Stone, Marshall, [34}{36]

Weierstrass, Karl,
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Zermelo, Ernst, [2]
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