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Abstract

We investigate the Khovanov homology, introduced in [4], of an embedded link. A detailed computa-
tion for the trefoil is provided, along with two diffirent proofs of invariance under Reidemeister moves -
using a Frobenius algebra and a 2 -dimensional topological quantum field theory.
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0.0 Introduction

This is an expository paper on the properties of Khovanov’s homology of a knot, with extensions to tangles.
The approach mirrors [2] and [3], but with a more complete analysis. The method of this paper may be
described as understanding and proving the commutativity of the following diagram:

Jones polynomial

(alink L)

=
=

embedding

in the plane
Euler

charateristic

a cubical a cubical Khovanov's
resolutions simplicial field theory simplicial cohomology ( )

(a diagram D) ——— _ _ homology

complex complex
in 2Cob in Vect of L

Reidemeister
moves

Poincare
polynomial

a cubical a cubical

. , simplicial simplicial
(a diagram D') —— _
resolutions complex field theory complex cohomology Kh(L
in 2C0ob in Vect (L)

The terms introduced here are explained further below, with the exception of Vect, the category of vector
spaces. It is used throughout, but further no reference will be made to it. Also, the reduction of Khovanov’s
homology to the Jones polynomial will only be discussed briefly at the very end.

Credit is given to David M.R. Jackson and Aaron Smith for endless support and advice on the material.

The proofs (the last two at the end of the paper) that are left incomplete are as such solely due to time and
mental constraints of the author.

1 Motivating remarks

Definition 1.1. (resolution) Given a link L embedded in the plane as a diagram D, and a crossing ¢ of the
D, a resolution at c is a small neighborhood of careplaced by one of two neighborhoods. The neighborhoods
are called a O-resolution and a 1-resolution.

//-\\ //- ~ 7 -\\ //-\\
/ N / N / N /
/ /\ /\/\ / /\ / \
1 | I 1 1 s 1
\ 1 \ 1 \ 1 \ 1
\/ / \/—\/ \/ / \ 7
~__~- ~__~- ~__-~- ~__-~-

O-resolution 1-resolution

A diagram D with resolutions at all crossings is termed a complete resolution of D, or simply a resolution of
D. If we order all the k crossings of a diagram D, every complete resolution of D may be assigned a string



in {0,1}*. For example

- QD G 3D

Definition 1.2. (x(L),y(L)) Given a link L and an orientation on each component of L, an embedding in
the plane of L yields at mosttwo types of crossings. Let 2(L) denote the number of crossings of the first
type, and y(L) the number of crossings of the second type.

contributes 1 to x(L) contributes 1 to y(L)

Although z(L) and y(L) are dependent upon the embedding D of L, we will use the described notation,
hopefully without confusion.

1.1 Associating a link to a chain complex

Given a link L and a complete resolution of its embedded diagram D, we will have a number of simple closed
curves that do not intersect in the plane. To each such curve we may associate a 2-dimensional vector space,
and express the whole diagram as a tensor product of the assigned vector spaces. Note that in the case of
tangles, we may not make such an assumption in general.

If D has n crossings, then we may form a chain group by taking the direct sum for m =0,...,n of all the
spaces with m O-resolutions and (n—m) 1-resolutions. We may then form a cochain complex indexed by m,
with an appropriate boundary operator, described in more detail in the next section.

It is natural to take the cohomology of this cochain complex, and in this case, the resulting cohomology
theory is termed the Khovanov homology of L. Instead of using the whole theory as an invariant, we may
represent the main information in a polynomial.

Definition 1.3. (Kh(L)) Given a link L and a chain complex C'(L) associated to an embedding of L, define
the Khovanov homology of L to be

Kh(L) = ¥ ¢ adim(H" (C(L)))

This is a polynomial (termed the Khovanov polynomial) in ¢ and g. The g-dimension comes into play by,
given a graded (over k) vector space W, letting qdim(W) = ¥, ¢* dim(Wy).



2 An extended example

In this section we will go through a meticulous calculation of the Khovanov homology of a knot. Let L
be the trefoil knot. Give L an embedding and an orientation, and label the edges between intersections in
sequence, choosing an arbitrary starting point. We choose to fix the data as below.

This embedding of L has three intersections, and each intersection has one of two possible resolutions, so
there are 2% = 8 diagrams, associated with L, of simple closed curves that do not intersect each other. Arrange
these 8 diagrams on the vertices of a 3-square so that the strings in {0, 1} associated with ends of each edge
differ in exactly one coordinate. The presentation in does this, also placing diagrams with the same
number of 1-resolutions in the same column, beginning with no 1-resolutions in the left-most column.

K\
S & -
NeXe/

To each diagram associate a tensor product of as many vector spaces V as connected components (equiv-
alently, closed curves). This space is V = span{v,,v_}, where degy (v+) = 1 and degy, (v-) = —=1. The assigned
vector spaces are labeled V;, where the index 7 is the smallest edge label of edges contained in the component.
For example,

«— V1425 =1

Vmin{S,G} =V3

The vector spaces are arranged in increasing numerical order, so the diagram above is labelled V; ® V3.



Next, to each edge of the 3-cube we associate a boundary map, moving left to right (left to right duo to the
specific presentation in ) These maps are between spaces with a different number of tensored spaces
Vi, so we need a standard way of increasing and decreasing the number of tensored spaces. This is done by
using a multipliciation and a co-multiplication, defined as follows:

m: VeV - V A: V - VeV
v_®uv_ +— 0 v > UV_QU_
V_®@Uy = U Uy P U, QU_+U_Q U, (2.3)
Ve ®U_ B U
Ve ®Uy = Vs

We present the cube of diagrams of (2.2)) again with all maps and spaces labeled in (2.4). The boundary
maps d,, for a string a € {0,1,-}3 are labeled to indicate which intersections do and do not change resolution

types.
\%] VieV,

d,oo dll—
Viel, Vi VieVo® Vs
do-o di-1 & (2.4)
_

doo-

The edges maps d, explicitly are:

d_go: V1 ®UVg > m(v1 ® ’02) dig: v+ A(Ul) di1-: V1 ®vy A(Ul)[l] ® vy ® A(U1)[2]
do_o IV ®Ug m(v1 ® ’1)2) le— iU e A("Ul) di—1: V1 QU U ® A(Ug)
do_o: V1 ®Uvyr m(vl ® 1)2) d_19: v+ A(’Ul) d11: v1Q®uz+— A(’Ul) ® v3

doi-: vi+~ A(vr)

d_or: w1~ A(vr)

do-1: v+ A(Ul)

The symbol A(v;)[;] represents the jth of the two tensored elements in A(v;). The expression A(vy) in the
case of the map di1- had to be split, as the component labeled V; becomes Vi ® V3, but due to ordering, V5

is tensored between them in the image.

The next step is to combine the spaces into chain groups, and ”collapse” the whole cube into a chain complex.
Each column of diagrams will become a space represented by the direct sum of the associated vector spaces:

CO(L) _ V®2 CI(L) _ V@B CZ(L) — (V®2)®3 CS(L) — V®3

The superscript m in C™(L) indicates how many 1-resolutions the the associated diagrams have. Further,
each set of maps between a pair of columns becomes a boundary map of the cochain complex, by an adjusted



sum of the maps d,. Defining the new boundary maps d’, we introduce lal, which represents the sum of
the elements in the string «, with ”-” having value 0, and @, a coefficient that ensures anti-commutativity
among the subcomplexes. Anti-commutativity in the cube of diagrams in is necessary for the cochain
boundary map te have the property d” od"! = 0.

d 0" 0" = Y (-1)%d, a= Yyl

lal=r i < index of -
Note that in (2.4) the maps d, with (-1)® = -1 are indicated by a dot e at one end. Hence we have:
dO = d_oo + do_o + doo_
d' = —di_o—dyo- +d_10—dor- +d_o1 +do_1
d* =dy1- —di_y +d_1;

It remains to check that these maps are indeed boundary maps, i.e. that they satisfy the chain complex
boundary map condition.

Proposition 2.1. The map d" is a boundary map. Equivalently, d"*! o d"(x) = 0 for all z € C"(L).

Proof: Proving this statement is equivalent to making each ”face” of the whole cube in (2.4]) anti-commute.
Since each face has an odd number of boundary maps with negative multipliers, the faces do indeed anti-
commute. n

These maps and chain groups produce a cochain complex, termed [L]:

Ve2(0}) N Ve N (V®2)®3 2) N (V®3) (3)

The elements in the brackets {-} denote the degree shift of each complex, which encodes the number of
1-resolutions of diagrams associated to the each cochain space. We construct another, adjusted cochain
complex, termed C'(L), where each cochain space W{i} from [L] becomes W{i + x(L) - 2y(L)}, and each
boundary operator d” from [L] becomes d""¥"). In our case, (L) = 3 and y(L) = 0, so C(L) is the complex

®2 A e3 d' ®2)\93 d? ®3
VE3} — VEH4) — (V) {5} — (V=°) {6}
Definition now follows naturally, as Kh(L) = 3, t"qdim(H"(C(L))) is the Poincare polynomial of the
graded cochain complex C(L).

To calculate the rth cohomolgy of C'(L), it is necessary to calculate im(d") and ker(d") for all r =0, 1,2 and
then take the appropriate quotients. This we will now do in explicit detail. The tensor symbol ® is omitted
where convenient.

‘dO:V®2{3} IR Vea3{4}‘

d_oo 0 d_go v_ d-o0 v_ d_oo Uy
do-o [v_v_] = |0 do-o [v_v+] = |o_ do-o [1}+1}_] = |o_ do-o [v+v+] = |vg
doo- 0 doo- v_ doo- v_ doo- vy
im(do) = (v?g’, vf?’) qdim(im(do)) = +¢°
ker(d”) = (v_v_,v_v, —vyv_) qdim(ker(d®)) = ¢" + ¢*



d': Vo3 {4} - (Vve2)® (5} ‘

[—di_o
—d10-
| 0
[—di-o
—dyo-
| 0
B
—d10-
0

im(d') =

ker(d") =

le— 0 V-
0 -d_p1 || 0
doi-  do-1 |[ O]
dyo- 0 |[0]
0 —d_01 (.
do1-  do-1 |[ O]
dio- 0 ][0]
0 —-d_o1 1] O
doi-  do-1 ||v-|
[—v_u_ V_U_

( -v_v_ |, 0
| 0 —V_U_
[v_ o] o
( Of+|v_]+]0
| O 0 v_

[di1- —diy
[di1- -di
[di1- -dia
[di1- —diy
[di1- -di
[di1- -dia

—V_U-

= V_U_
V_U_

—Vy V- — V-V
| —vivo —v_vy

Vy 0
A0+ ]ve |+
0 0

[v_v_v_]

[viv_v_ +v_v_vy]

[—v_v_v_]

[—v,v_v_]

[v_v_v_]

[V V-V + V_v,0_]

[di1- —dig
[di1- —dia
[di1- —di
[di1- —diy
[di1- -dia
[di1- —dia

dio- vy —V V- —V_Vy
—dlo_ 0 —d_01 0 = —V4V- — VU4
0 do1-  do-1 |[ O] | 0 |
dyo- [ 0] [ v v, —v vy ]
—di- 0  —dooi||vs| = 0
0 d01_ d0_1 1L 0 ] _—U+U_ - U_’l}+_
dio- [0 ] [ 0
—d1o- 0 —-d_01 || 0 = |vav_ +v_ vy
0 doi-  dp-1 | V4 | | viv- +v-v,

qdim(im(d")) = 2¢* + 2¢°

qdim(ker(d")) = ¢* + ¢°

[v_v,v_]

[vivyv +v_vivy ]

[—v-vpv- —v_v_vy]

[—vsv0- — v v v, ]

[v_v_vy]

[V V_V; + Vv, V4




im(d?) = ([v_vsv_], [vevsv ], [—vev_v_], [vov_vg ], [vsvovs +viviwy ], [~vsvev- — vev_v, ], [vev_vg + v_viv,])

v_v_ (v v | [ V-, v [ [
0 0 0 0
ker(d?) = 0 |+]o-v-|,| O [=] O |,] O |+ O [+]|v_vs|+]|viv_],
0 0 | 0 [ v_v_ 0 0 | O | 0
V_vy | PR 0 0 V_vy | 0 ] 0
=21 0 |- O J=Jo_vs]+] O |, O [+]v_ve|+]| O
0 | 0 | 0 VLU 0 | 0 | V_U,
qdim(im(d?)) = 5¢° + 24" qdim(ker(d?)) = 2¢* + 3¢°

Now we calculate the cohomology groups.
tPqdim(H®(C(L))) = qdim(ker(d®)) = ¢* + ¢*

More explicitly, ¢ has the exponent 1 because in the kernel ker(d®), the element v_v_ has degree -2, and
since it is located in V®2{3} which has a degree shift of 3, the qdim of that part is ¢~2*3 = ¢'. The same
analogously goes for the other exponent.

tlqdim(H(C(L))) = t*qdim(ker(d")/im(d")) = t'qdim(1) = 0
This follows as ker(d') = im(d?).
t2qdim(H?*(C(L))) = t*qdim(ker(d?)/im(d")) = t*qdim(V {5}) = t?¢°

This follows as the first three terms, as presented above, in both ker(d?) and im(d') are the same, and the
last term in im(d') is a linear combination of the last two terms in ker(d?), which both have dimension 0,
so the resulting space has only one of these terms, of dimension 0 + 5.

t3qdim(H?(C(L))) = t*qdim(ker(d*)/im(d?)) = t*¢°

This follows as ker(d®) = V®3{6}, the whole space to which d> maps, and the only basis element of this space
that is not in the image of d? is v,v,v,. This element has degree 3 in V®3{6}, so its q-dimension is ¢>*% = ¢°.
Therefore

Kh(L) =q" +¢° +t?¢° + t*¢°

This completes the example.

We now move to consider the tools applied here in a more abstract setting, describing the natural relations
between the structures introduced here, and existing ones in other fields of study.



3 Parallels to other branches of mathematics

3.1 2-dimensional topological quantum field theories

In the interests of generality (while noting the lack of its recurrence in this paper), we present Atiyah’s
abstract definition, from [I], of a 2-dimensional topological quantum field theory over a ring A. It is:

- A finitely-generated A-module 3(Z) associated to each oriented closed smooth 1-dimensional
manifold X
- An element Z(M) € Z(OM) associated to each oriented smooth 2-dimensional (with boundary)
manifold M

Moreover, Z is functorial, involutory, and multiplicative. It may be viewed as a monoidal functor 7 :
Cobi,1 — Modg from the category of closed, oriented 1-manifolds.

In our case, X.(Z) = V, the 1-dimensional manifolds are closed simple curves, and hence the 2-dimensional
manifolds are simply manifolds that connect these curves, cobordisms. Each vertex of a cube of resolutions,
as in , is a collection of closed simple curves, or cycles, so the idea of a cobordism between the vertices
may be apphed to each edge. Take, for example, two adjacent vertices v, and vy from |

A .0
O O O

Being adjacent means they are cobordant, so the edge (v1,v2) may be represented as:

(v1,v2) =

This cobordism is termed the pair of pants. Moreover, every edge of a cube of resolutions may be associated
with a pair of pants (or an inverse pair of pants - given by the edge from v to v; above) and a finite number
of cylinders, where a cylinder is a cobordism between O and O This is almost immediately clear, with the
observation that if one vertex has a nested pair of circles, then the cobordism relating it an adjacent vertex
without this nested pair is still a pair of pants. Another example from l 2)) demonstrates this.

BOO Qe

The smaller circle nested inside the larger circle is brought out for the cobordism to resemble the standard
presentation of the pair of pants.

(v1,v2) =

bed




However, once we associate cycles in the TQFT to elements in the Frobenius algebra, the issue of an
ambient space becomes irrelevant, as the algebra is associative. Although the above diagram helps visualize
the scenario, we may simply move the nested cycle to the outside, while keeping both cycles on the same
plane.

3.2 The Frobenius algebra

A Frobenius algebra A (see [6] for a very thorough investigation) is an associative bi-algebra over a field K
with a bilinear form (termed the Frobenius form). Being a bi-algebra, it has a multiplication A® A - A and
a co-multiplication A - A ® A. As previously we had pairs of vector spaces combining, and vector spaces
splitting in two, the relation is natural.

Indeed, the geometric intuition is identical to that of topological quantum field theories presented above,
and as in [6], the identification is often made immediately. As defined in (2.3), the co-multiplication A
corresponds to the pair of pants and the multiplication m corresponds to the inverse pair of pants.

3.3 The category nCob

There is also a relation to category theroy, where nCob is the category containing n-dimensional cobordisms as
morphisms, and (n-1)-dimensional manifolds as objects. The category 2C0b is the most relevant here, where
the objects are all isomorphically circles, or cycles, and the morphisms are the 2-dimensional cobordisms
already introduced.

3.4 A heuristic translation scheme

We now present a table comparing analogous ideas across the fields mentioned above. The relations are not
meant as strict identifications, but rather as analogies of the same idea through different interpretations.

category theory algebra cohomology theory topology

an object a chain group of a

in 2Cob an algebra single-component diagram O

n identical the tensor product of n a chain group of an 00
objects in 2C'ob identical algebras n-component diagram
n
a morphism from 2 R a boundary map
objects to 1 object multiplication d:VeV -V
a morphism from 1 T a boundary map
object to 2 objects co-multiplication d:V-VeV
the unit in a symmetric .
monoidal category the unit <D
the counit in a symmetric .

monoidal category the co-unit 0>

Note that the last two cells in the cohomology theory column have been left empty. The interested reader is
invited to check, ameliorate, and complete this table of concepts.

10



4 Invariance of the Khovanov homology

In this section we inspect the effect on the Khavonov homology under Reidemeister’s three moves R1, R2,
and R3. Extensive use will be made of the following proposition.

Proposition 4.1. Let C be a chain complex with a subcomplex C’. If C’ has no homology, then H*(C) =
H*(C/C"). Further, if C/C’ has no homolgy, then H*(C) = H*(C").

Proof: Consider the following short exact sequence of cochain complexes.
0—C' —C—CIC'"—0
To every cochain complex we may associate a cohomolgy group of every degree, giving a long exact sequence:
~— H'7Y(C/C") — H'(C") — H"(C) — H'(C[C") — H"™(C") — -
Suppose that C” is acyclic, so H"(C") = 0 for all r. Since the long sequence is exact, the exact sequence
0 H"(C)— H"(C/C") - 0 repeats for all r, and hence H*(C) = H*(C/C").

Similarly if C/C" is acyclic, then H"(C/C") =0 for all r, and 0 > H"(C") - H"(C) - 0 is an exact sequence
for all . As above, this means that H*(C) = H*(C"). [

This will allow us to reduce large complexes to a more manageable size, while preserving all the relevant
information. We now fix a link L and a diagram D of L.

4.1 Invariance under R1

Recall that R1 removes a ”loop” from the knot. If we consider only a portion of a knot diagram, and leave
everything outside the dashed circle constant, then

/ Q\\ R1 / \

I | «—> | |

\\\/ /// \\/\//
In this section we will consider only the right-twist loop, as under the Reidemeister moves, it is the same as
the left-twist loop:

-7 T~
s N ’
\

/ ’ / \ / N . B \
. . / \ R1 / \ R2 / ) R1 / ) .
right-twist = Q I — ﬂ I —s j I — | p 1 = left-twist
\ \ \ !
\/ // \, // \, \// ' \/

2

Let D be a link diagram embedded with an occurence of Q.. Define

C = [R] = the cochain complex associated with D
- boundary map is df, : C* - C**!

A = [A] = the cochain complex associated with D having a O-resolution at the presented crossing
- boundary map is d% : A* - A**!
B = [SU] = the cochain complex associated with D having a l-resolution at the presented crossing

- boundary map is d% : B* - B**!

It is clear that each of A, B, C are cochain complexes with proper boundary maps, i.e. d:4+1d:4 = 0 (equivalently
for B and C). Recall that n is the number of crossings of D, so we may write down the cochain complex of
C:

0_,[[,Q}]Od_cy[[x]]ld_C)...L[[,Q]”*L[[R}]”_)O

11



The cochain complexes of A and B are similar, but with cochain spaces only up to index n — 1. Next, we
claim that C' is a cochain complex with cochain spaces A and B, and boundary map m:

[R] = [A] = []{1 (4.1)

It is easier to see this by taking two copies of D, and giving resolutions to each crossing the same way in
both copies, except for the one that has the right-twist loop in it. Then the copy with a O-resolution at this
crossing has one more cycle than the other copy, meaning that the multiplication map m® : A®* - B® must
be applied to move from the first copy to the other. This gives a commutative diagram

ax’ ) a’!
A Ao+l
l mo l mo+1
B* Bo+1
dgl d;g dnB—l

This implies that m'*ld;x =dym®. Using this, we have another expression for d°C, namely

. [ayn o . e [ dyid 0 ] o o
dC - |:m- (_1)d-31:| with dC dC - |:mo+1d:4 _d-Bmo d;BdEl 10 0 (42)

Using the previous arguments, we may also express each cochain space of C' as a direct sum of cochain spaces
of A and B.
C*=A"eB*{1}=A"@ B

Writing down all of these cochain spaces in this decomposition gives the diagram below, where columns are,
left to right, the cochain complexes C, A, and B.

0 0 0
| | |
[R]” = [&]° e 0

21 0
dCl dAJ m JdB

[R]" = [&] e [
c@ d@ ~ %dB (4.3)
de | da | . lds

[R]™ = A e (I

-1
ch dAJ X ldB

[R]" = 0 o [t
| | |
0 0 0

As mentioned, there is one more cycle in [.X] than in [SU] (call it the "special cycle”). Let [.X],,, denote

the subspace of [.A] with the special cycle assigned the vector space V' = span{v, }. This gives a subcomplex
of C, denoted

' [AL, — [

12



To see that C' is acyclic, first observe that for any argument z, we have m(z ® v,) = m(v, ® ) = x, so v, is
a unit for m. Therefore the map m acts on [.X], as an isomorphsim:

m:[&],, =v, o [R]{1} 5 [R]{1}

Since [SU] is a subcomplex of [ R ], and [.X],, = [S], we have that [.X],, is a subcomplex of [ R ]. Now
we have a sequence as below, which must be exact, as the two non-zero groups are isomorphic.

¢’ 05[], T [RI{1) 50
im(f1) = 0 im(m) = [} _,  HY(C)=0
ker(m) = 0 ker(fy) = [RI{1} HY(C") =0

All cohomology groups of C” are zero, so C’ is acyclic. By Proposition H*(C)=H*(C/C"). The complex
C/C" is then given by
ciet: (Al —0

where the special cycle in [.A], is assigned the vector space V" = span{v_}. Therefore [.X], is one-
dimensional, and so is isomorphic to [~], the chain complex associated with D without a loop at the
crossing under discussion.

The degree shift of [.X], is the same as that of [ ~], as the crossing was a 0-smoothing. The height shift
is also the same for the two, so indeed, they are isomorphic.

4.1.1 An example
Consider the Hopf link L with R1 applied once, as in the following diagram.

[A]

N
N
N
N
\
N
\
N
\
\
\ @Q

(5

The part of the diagram representing the subcomplex [.X] of L is connected to the other part of the
diagram, representing the subcomplex [S], by either the map m or a combination of m and id on each
edge, which take a tensor product of vector spaces to a single vector space.

13



4.2 Invariance under R2

Recall that R2 removes or introduces a pair of intersections from the knot. If we consider only a portion of
a knot, and leave everything outside the dashed circle constant, then

\./ * /
I | —> I |
(4 v

Let D be a link diagram embedded with an occurence of X2<. The cube of resolutions of D may be presented
as a cube of resolutions with cochain complexes for vertices, denoted by C"

[>oc] {1}
e
\

C:  [>(C] [>] {2} (4.4)

\ A

[=<1{1}

Only two maps are labeled, as the other ones could be either m or A, depending on what the rest of the
diagram D looks like. Next we define a subcomplex C’ of C' and another complex C”, given by the diagrams:

o\o(
/

[=<1{1}

[>oc],, {1}

o0 ///////Z \\\\fi&
\0/

The complex C” is essentially [——]), but shifted, for which we wish to find an equal complex. The space
indicated |IDOC}]U+ in the subcomplex C’ indicates, as previously, that the special cycle is assigned the
subspace V' = span{v, }. Further, C' is acyclic for the same reasons as above, so H*(C) = H*(C/C"). The
complex C'/C" is computed also as above, and given below.

[>=<]{2} c”": 0 4.5)

/\

[>oc], {1}

e
c/c: [=C]

Given the boundary map d : [>0C] - [><] and the bijective map m, define a new map 7 : [>0C] — [>=<]
given by 7 = dom™. This induces a subcomplex C"" of C/C’, given by

\/

[=<1{1}



[>oc], {1}

y \

o [=C] 0
™~ /

I
I
I
I
LT
1
1
1
\I/

7 ([>oc¢], {1})

Here we have all elements of [>0c] and [>0c], but only elements 7o € [><] for some « € [>0¢], {1}. This
is a subcomplex of C'//C" as the introduction of the map 7, by its definition, ensures that all images of maps are
still contained in the diagram. Moreover, as m is bijective (as the special cycle has one dimension and the rest
of the diagram is isomorphic to [>0c]), C"” is acyclic in C/C’, meaning that H(C) = H((C/C")/C""). Then
(C/C")/C™ is isomorphic to [——], as the groups [>0c] and [>0c] disappear, leaving [>><] untouched.

/O\O
T~

[==]{1}

(C/C,)/C”II 0

Therefore H(C) =z H([—]), proving that the Khovanov homology is invariant under the R2 move.

4.2.1 An example

Consider an embedding of the trivial knot.

[=c] [=<

As previously, the vertices of the diagrams above are circled in the cube of this diagram.
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4.3 Invariance under R3

Recall that R3 moves a strand to the other side of an intersection. If we consider only a portion of a knot,
and leave everything outside the dashed circle constant, then

—

R3 Q\
\

For ease of graphical presentation, the brackets [-] are dropped in this section, though whenever a diagram
is presented, we are referring to its associated complex.

Consider the cube of resolutions of both of these diagrams.
\/ \/
/\A/ /\%5( y )
vy T
e ‘ DO

C: ‘ (4.6)

Yo | R |
/ / / /

A~

e KK

Observe that the bottom layer of C' has the same diagrams as the bottom layer of C'. Further, the top layer
of C is related to the top layer of C by the R2 move. In other words,

C:

e

Using this observation, the proof will borrow methods from the previous section. In the same manner as for
- -
R2 in ([4.5)), define new subcomplexes C’ and C" of C and C, respectively. And again as previously, mod

16



them by C and C, respectively.

0 \/\0/( \/X\/ \ AN Y
o/ / SN Y
0 N . N | NOC o R | R

PN
AR

c / /
A~ VA2

0 0

Zis Ho—| =¥ R

x /)”“s/
Maps 7 and 7 have been indicated to construct further subcomplexes C"’ of C/C’ and " of 6/6,. We
then mod the complexes by their respective subcomplexes to arrive at the desired result.

N " X . O 0
Y /> Y 4 /] / / T /v\/
RSe NOC . 0 . N <

(creyic” - (erc) e a

R 0 N =N R | =R
o S &/ A S
1R, | N

The two complexes (5/6,) /6", and (C/C")/C"" are isomorphic, as their bottom layers are identical, and
dy 2Tod; and dy = 7 od,. The checking of these final isomorphisms is left to the curious reader.

5 Invariance (topological) of the Khovanov homology

This section proceeds as the previous section, but with topological instead of algebraic arguments. Before
we begin, we give one of the fundamental properties of cobordisms, namely the 4Tu property:

QS§+ZM5§§@+U J
NIZEENS NI Z BN

This property holds for a cobordism with a ball taken out that has four sections, as marked, going into it.

5.1 Invariance under R1

Let D be the diagram of L with a twist, and D’ the diagram of L without a twist. The goal of this section
is to show that the Khovanov homology is the same for both D and D’.

1 Q | 1 | (5.2)
\\/ /// \\/\//
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Let Dy be the diagram of L with a O-resolution at the crossing made by R1, and D; the diagram of L with
a l-resolution at the crossing made by R;.

~ ~ - ~

We wish to relate the two complexes [ & ] and [~]. We do this by showing that the diagram in (5.3) is
commutative, where F : [~] = [ ] is given by F = (Fp, Fy) and G: [ L] = [~] by G = (Go,G1). The
diagram has chain groups of the same degree in the same columns.

H /\ﬂ -0 /\ 0 0

FHG F 1@0 Fi|| Gy (5.3)
[’/Qﬂ: 0%:;%‘,#1@1‘,—»0

The maps F; and G are the zero maps.The map h is a homotopy that comes from the following diagram:

.. R Cnfl(D) S C’(D) C'+1(D) S e

el el e

.- R Co—l(D) C.(D) Co+1(D) S e

The following identities need to be proven for the diagram in (5.3]) to commute, which will in turn prove in-
variance under R1. Note that the second equation in the first column is a statement about the commutativity

of the diagram in (5.4]).
GoFy = Ip Goh=0
F0G0+hd:IDO dF0:0
Let us first define the maps that we intend to use. They are given only for the region of the diagram under

consideration, with the rest of the diagram having the identity map applied to it. The action of the map
moves from the top of the cylinder to the bottom.

First we prove the simplest equalities:

18



G(] E) =

bed

The coefficient 2 appears in front of one of the terms as a surface of genus 1, unattached to the top or bottom
of the cobordism, contributes a factor of 2. The reasoning behind this is explained in Appendix [A]

19



This calculation follows from isotopy. We are left with proving FoGo +hd = Ip,, which we claim follows from

the application of the 47w relation from (5.1). The identity we wish to show holds is:

F()GO +hd =

The 4Tu relation applied to the following cobordism is precisely that relation.

4Tu

Therefore, topologically, the Khovanov homology is invariant under the R1 move.

5.2 Invariance under R2

embeddings, D and D’.
\/\/l
v/ v

In this section we will use many of the previously used tactics. Begin with the same link L and two different
(5.5)

D D’
The diagram D has 4 different smoothings, as labelled below.
w - : - -
| O0C DCC (5:5)
Dy

PRl
, N
y \
w :! l\,/V\./
\ ’ \ /
N - N .
D,

Dy
The first on the left has two 0-resolutions and no 1-resolutions, the middle two have one of each type of
resolution, and the last one has two 1-resolutions and no O-resolutions; the degree shifts should be noted.

20



We employ the same complex presented in (4.4) to relate it to the chain complex of D’.

Fy |G,

blele
As previously in (5.3)), each column has the same degree shift. Similar associations are made, most notably

that Fy, F3,Go,G3 are all the zero map, and F},G; are the identity. The main maps are given by F =
(Fo, Fy, Fs, F3) and G = (Go,G1,G2,G3). The identities that need to be proved are:

GF:G1F1+G2F2=ID/ Gd=G1d01+G2d02 =0
FyGy = haadas — doghao = Ip, dF = dy3Fy +dasFy =0

Analogously to the previous section, the maps hag and hsy arise from a map h: C*(D) - C*~1(D), as in the
diagram ([5.4). Let us now define the non-trivial maps.

F = Gy = - hao = - hsa = -
do1 = doz2 = diz = - das =
We begin with the simplest identities, involving G, F', and the boundary map d.
//’—h‘\\ //’—h§\\ //’—h§\
G P +GaoFy = 75" - @; ~ - 0 O = = idp
L L
\4 S 4

21



Here we have again interpreted a manifold of genus zero as a factor of zero.

Gidor + Gadpy =

This argument, as well as the

di3Fy +dasFy =

The final equation remains, for which we will need to apply the 4T u-relation.

to prove first:

F5Go — haadas — doohog =

N

—

\
\.
N\
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Here we apply the 4T'u-relation as given in (|5.1)), but we switch the ends marked a and b in every diagram
of (b.1) to make the presentation clearer. The resulting equation is exactly the one given above.

4Tu

Therefore, topologically, the Khovanov homology is invariant under the R2 move.

5.3 Invariance under R3

In this section we we will introduce auxiliary definitions and lemmae to simplify the main proof, due to the
large size of the complexes involved.

Definition 5.1. (cone of a complex) Let (A,dy) and (B,d;) be two cochain complexes with maps U” :
(A", d5) - (B",d}). Define the cone of ¥ to be the complex I'(¥) with cochain spaces A™*! @ B" and

. . [ -ditt o . .
differential d, = ( o g ), as depicted below.
1
r—2 r—1 e . AT s . — r+l e r+2
L, Arfl do Ar do‘.’.~:;1r+1:_': do Ar+2 do
R S di™?
77[Jr—l wT wr+1

Next, we consider two lemmae that together will imply invariance of the Khovanov homology under
R3 without the lengthy cobordism calculations we dealt with previously to prove R1 and R2. The proofs
presented are sketches, and are not meant to be complete.

Lemma 5.2.

A1=T(DA-[XDI-1]  and [XT=T(X1-DD

Proof: We wil only inspect the first equation. Consider the cochain complex that results in splitting [X]

into its constituent chain complexes:

——Dq —— D — DA ——

I T

.. [[Xﬂr_l [[XHT [[XHT-H

Then T'([2]) is the complex with cochain spaces T([32])" =D ("' @ [X]". |

For the next lemma, we introduce a new idea.
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Definition 5.3. (strong deformation retract) Given two complexes A, B and a morphism G : A - B between
them, the map G is termed a strong deformation retract if there exists a morphism F': B - A and a homotopy
h:A®* - A*"! such that the following conditions are satisfied:

GF =idp FG=ids —dh - hd hF =0 (5.8)

where d: A®* - A**! is the boundary operator for A. In this case, the map F is termed the inclusion of the
strong deformation retract.

Lemma 5.4. Let A, A’, B, B’ be cochain complexes related by maps as below.

Iy v r
A———— B

GO Gl

A

B

(5.9)

If Gy is a strong deformation retract with inclusion Fp, then I'(¥) is homotopy equivalent to T'(UF).
Similarly, if Gy is a strong deformation retract with inclusion Fj, then I'(¥) is homotopy equivalent to
T(F D).

Proof: Let h : A* - A®*™! be the homotopy that satisfies the conditions of (5.8). Then the cones I'(¥) and
['(¥F,) induce morphisms Fyy, Gy and the homotopy ho, given by

Fo:T(VFy) - T(T)

Go : T(W) > T(VF,) ho :T(¥)" =T (¥)"

The rest follows from the considering the diagram below:

r—2 r—1 T Ci7"+1
F(\I/FO) : A" @ BT A"l @ BT A2 @ BT+ R
Gyt £ o || Eo G| £
Jr—2 ) d~7' -1 ) r ) Jr+ 1
F(\I}) : = A" @ Br—l = Ar+1 @& B" = Ar+2 ® Br+1 =
hi~2 hit ho hitt
The relentless reader is invited to complete the missing parts of this proof. [ |

Now we may move to actually proving the invariance of the Khovanov homology under R3. We do this
by showing that the two complexes associated with both stages of R3 are homotopic. Begin with the same
link L and two different embeddings, D and D’.

We now take the cubes of resolutions corresponding to D and D', already presented in (4.6]), and by Lemma
associate each to a cone of a two-term complex (each term is indicated below by a gray shaded plane).
To apply Lemma we first associate the top layer with the bottom layer of the complex of R2, seen in
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(5.7). Now we apply the lemma and get a reduced complex homotopic to the original one.

[D] -

[0 :

Note that the maps Fy and Gy from (5.9) are given by Fy = (Fy, Fy) and G = (G7, G3), where Fy, Fy, G1, G
are the maps presented in (5.7)), from the section on R2. The induced maps in the reduced complex are

Ava
SN IF; “ \7
AT

R LS
AV, A

\
N

, ~ RSN
/ N / N
O ’ Og\/{
N / N /

induced analogs of those maps as well.

The two resulting complexes are isotopic, so invariance of the Khovanov homology under R3 follows.

6 Concluding remarks

6.1 Reduction to the Jones polynomial

Let us briefly touch on how the Khovanov homology may be reduced to yield the Jones polynomial. Above
we constructed cohomology groups H"(C(L)). Then the Jones polynomial of a link L is given by

The g-dimension of the cohomology groups is taken over the rationals. Note that this result follows by
simply comparing the state sum definition of the Jones polynomial with the definition of the graded Euler

characteristic.

2
t
-
Q2
VRS

A=l

J(L) = 3 (-1)'adim(H'(C(L)))
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6.2 A note on grading

The cohomological groups constructed were graded in two ways, one in the degree shift, and the other by
the height shift. There also exists, by [5], a homology theory of groups graded in three ways, whose graded
Euler characteristic is revealed to be the HOMFLY-PT polynomial. Unfortunately, a deeper perusal of the
relation to this invariant is not undertaken here, and is left to the delighted reader.

A The structure of cobordisms

Let us consider the fundamental cobordisms and their associated actions.

Q0 i 50 03 00

kK -V V - k VeV - V V - VeV Vv -V
1 - o, vy = 0 VUL P U Vy P VLU +U_U4 vy P Uy
v = 1 ViU > U_ U > U_U_ v > U_
V_vy U
voo. —~ 0

The first one follows as v, is a unit for V. The second one follows from the definition of the counit. The
next two follow from the decided-upon definitions in (2.3]), and the last one is the identity.

A.1 Isolated surfaces

We now consider the effect on a cobordism that contains a compact closed surface separate from the main
part of the cobordism.

The effect of an isolated ball on a cobordism is multiplication by 0

The effect of an isolated torus on a cobordism is multiplication by 2

© /@/ﬁx@\

l>v,»vv_+v_vy =202

The effect of an isolated surface of genus g > 2 on a cobordism is multiplication by 0:

(ele =) afrgor

»—>v+|—>v+v +v_ v+v—>2v -—>2vv '—>0»—>~~~»—>
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