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Tracking a Generator by Persistence

Oleksiy Busaryev, Tamal K. Dey & Yusu Wang,

m

Computing and Combinatorics
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Vines, vineyards, their topological generalizations.

introduces “swaps”:

proves stability for swaps:
chains swaps into “moves”:
improves efficiency of “moves”:

generalizes from interval to arbitrary space:

computational details:
factors vineyards through modules:

(2006 Cohen—Steiner, Edelsbrunner, Morozov) Vines and vineyards by updating persistence in linear time
(2013 Munch) Applications of Persistent Homology to Time Varying Systems

(2010 Busaryev, Dey, Y.Wang ) Tracking a Generator by Persistence

(2024 Piekenbrock, Perea) Move schedules: fast persistence computations in coarse dynamic settings
(2022 Hickok) Persistence Diagram Bundles: A Multidimensional Generalization of Vineyards
(2022 Hickok) Computing Persistence Diagram Bundles
(2023 Turner) Representing Vineyard Modules
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Dynamic graphs and dynamic spaces.

dynamic edge-weighted graphs:
generalized dynamic spaces:

Reeb graphs for dynamic clusters:
dynamic clusters in spaces:
dynamic clusters in PDs:
topological morphology descriptor:
TMDs over time:

CROCKER plot:

statstics with crocker plots:
crocker stack:

2018 Hajij, B.Wang, Scheidegger, Rosen) Visual Detection of Structural Changes in Time-Varying Graphs Using Persistent Homoloc
2021 Kim, Memoli) Spatiotemporal Persistent Homology for Dynamic Metric Spaces

2013 Buchin, Buchin, van Kreveld, Speckmann, Staals) Trajectory Grouping Structure

2018 Kim, Memoli) Formigrams: Clustering Summaries of Dynamic Data

2023 Kim, Memoli) FEztracting Persistent Clusters in Dynamic Data via Mébius Inversion

2018 Kanari, Dlotko, Scolamiero, Levi, Shillcock, Markram) A Topological Representation of Branching Neuronal Morphologies
2025 Rigaux, Castro, Kanari) Quantifying neuronal differentiation using temporal topological persistence

2015 Topaz, Ziegelmeier, Halverson) Topological data analysis of biological aggregation models

2019 Ulmer, Ziegelmeier, Topaz) A topological approach to selecting models of biological experiments

2022 Xian, Topaz, Adams, Ziegelmeier) Capturing dynamics of time-varying data via topology

o~~~



where each X, is a topological space and each < represents
a continuous function oriented forwards X; — X,.; or back-
wards X; — X If we apply a homology functor H,, with
coefficients in a field k to such a diagram, we get a zigzag
diagram of vector spaces, also called a zigzag module:

H(X) 1 Hy(X1) = Hy(Ka) o o o Hy(Kum) < Hy(X,)

introduction of zigzag PH

" LLLPILL
- CL0.0.0.0.0.0.0.0.0,
» CLO0.0.0.0.0.0.0.0.0,

Dey-Hou on computing zigzag PH

_>

3:

4 V=QIV
5. R=Q.R
6:

e /
. . = O DD LODLDLDL, R— - S
& &4 3 ) - 3 3 Py Py - it late ion witl i nsertion, and Deletion

\[ 0 \ ‘ 2. ZIGZAG PERSISTENCE s ee e - = , A

A AS n. 1: procedure GENERALUPDATE(R, V. Q,.. Q.. k. k... I I.. D!)
A zigzag diagram of topological spaces is a sequence v O DDA AD.ADLDLPLO. 2 Input: m x n matrix R n x n matrix V: m x m permutation matrix Q,: n X n permutation matrix Q,: k,
i g = = = iad And = = © and k,: respective number of rows and columns deleted from D; I and I/ respective indices of rows and column

— X X o Xo oo Xnt o X ﬁ indices to insert to form D’ m — ky + |I'] x |I] matrix D, containing columns to be inserted.
1 15 t<><[> @ <D/ q> @Q VF . : Result: Factorization D'V’ = R incorporating updates

V. R = MAKEUPPERTRIANGULAR(V. R) o [Algorithm 2]
7: Delete the final k, rows and k. columns of R and the final k. rows and columns of V..
Insert rows of zeros into R at final locations /.
9: Insert columns D into R at final locations I/
10:  Insert rows and columns specified by I/ in V' which act as the identity.
1: RV =REDUCE(R.V)
12 return R,V
13: end procedure

o[Algorithm 1} can use clearing

Luo-Nelson on updating PH in all dynamic scenarios

in all dynamic scenarios
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efficient data structures for updating PH
in all dynamic scenarios on 1D spaces

Zigzags, computation, data structures.

2009 Carlsson, de Silva, Morozov) Zigzag persistent homology and real-valued functions

2022 Dey, Hou) Updating Barcodes and Representatives for Zigzag Persistence

computational details: 2022 Dey, Hou) Fast Computation of Zigzag Persistence

removal and addition using zigzags: 2024 Dey, Hou) Computing Zigzag Vineyard Efficiently Including Ezpansions and Contractions

zigzag persistent homology: (
(
(
(
universal barcode updates: (2023 Luo, Nelson) Accelerating Iterated Persistent Homology Computations with Warm Starts
(
(
(
(

swaps using zigzags:

2024 Cultrera di Montesano, Edelsbrunner, Henzinger, Ost) Dynamically Maintaining the Persistent Homology of Time Series
2023 Biswas, Cultrera di Montesano, Edelsbrunner, Saghafian) Geometric characterization of the persistence of 1D maps

2009 Brisaboa, Ladra, Navarro) k?-Trees for Compact Web Graph Representation
2021 Li, Thompson, Henselman-Petrusek, Giusti, Ziegelmeier) Minimal Cycle Representatives in Persistent Homology Using Linea

efficient data structures for updates:
tracking PH efficiently in 1D spaces:
compact k*-trees:

minimal cycle overview:
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& 5 C % github.com/henselman-petrusek/Eirene.jl % @ < @ % gudniiniafr * @

4P simplex_gudhi.cpp X
%@‘Guum PROJECT - DOWNLOAD - DOCUMENTATION - INTERFACES conTacT -

2 henselman-petrusek / Eirene.jl puic L Notifications | | %7 Fork (21 = o G ’ simplex eirene.txt

Matrix

<> Code ( Issues 1 11 Pulrequests (@ Actions [ Projects @ Security print_representative_cycles_example()

1 0, 0.1 Geometry Understandi { o
=Tl ¢ o Soiie About 2 0, 0.2 ﬂé' GUDHI in Higher Dimension Matrix mp({ § § :
e 5 Julia library for homological S 0, 0.3 g h }
henselman-petrusek Merge pull r. @B 166220 - 7 months ago  \Y i '
-pef ge pi persistence : 1' 9.(.' 1' 2 § i
B github/workflows Update tagbot snipet ... 4 years ago [ Readme . .
! . e a5 Unknown, GPL-3.0 licenses found 2 1, 0.5, 2, 3 N ) 58 { » 2}
B images Image changes. 5 years ago ety 6 1 , 0.6 , 1 , 3 Tecuri :‘L N;
= s Merge pull request #.. 7 months ago ¥ 119stars 2 2 , 0.7 , 4 , 5 , 6 sstent homology. )
o test Update code for new ... 2yearsago | O 12watching
¥ 21forks
$ juliaup add 1.7.0 ) ) ) ] ) _
$ julia +1.7.0 $ g++ -o simplex_gudhi -I gudhi.3.11.0/include simplex_gudhi.cpp
julia> using Pkg $ ./s1m|?1ex_gudh1
julia> Pkg.add("Eirene") RU_matrix:
01 . Ei O-bar: (0,6)
julia> using Eirene 0-bar: (1,3)
julia> C = eirene("simplex_eirene.txt", model="complex", entryformat="sp") 0-bar: (2,4)

julia> barcode(C,dim=0) 1-bar: (5,4294967295) | [———
3x2 Matrix{Float64}: 0-cycle: 0O,

0.2 0.4 0-cycle: 1, Z
0.3 0.5 0-cycle: 2, 5
0.1 Inf 1-cycle: 3, 4, 5, 5%
julia> barcode(C,dim=1) b
1x2 Matrix{Floaté6s4}:
0.6 0.7

has_column_compression = false;
has_column_and_row_swaps

has_map_column_container =
has_removable_columns = false

has_row_access
has_intrusive_rows
has_removable_rows

is_of_boundary_type

has_matrix_maximal_dimension_access = false
has_column_pairings = true false

has_vine_update = true false
can_retrieve_representative_cycles = false;

julia> C["cyclerep"]

3-glement Vector{Vector{Vector{Inté64}}}:
[]

(e, 21, 1, 31, [11]

[r1, 2, 311



C % mrzv.org/software/dionysus/ * ®

DM » Software » Dionysus »

next| modules | index
Welcome to Dionysus’ documentation!

Note: Dionysus 2 is now available.

Dionysus is a C++ library for It provides i of the following algorithms:
« Persistent homology computation [ELZ02] [ZCO05]
« Vineyards [CEM06] (C** only) Contents
+ Persistent cc d ibed in [dSVJ09]) Get, Build, Install
« Zigzag persistent homology [CdSMO09] Brief Tutorial
« Examples provide useful functionality in and of themselves: Examples

o Alpha shape construction in 2D and 3D
o Rips complex construction

Cech complex construction (C** only)
Circle-valued parametrization
Piecewise-linear vineyards

Python bindings: module dionysus
Bibliography

o

° o

$ g++ -0 pl-vineyard pl-vineyard.cpp -I ../../include/ -lboost_program_options

$ ./pl-vineyard simplex_dionysus.txt values_dionysus.txt vineyard

Simplices read:

<0>
<1>
<2>
<0, 1>
<1, 2>
<0, 2>

Complex read, size: 6
Vertex values read:
0.1 0.2 0.3

0.1 0.3 0.2

0% 10 20 30 40 50 60 70 80 90 100%

e e R R Rl e e e R e EE T |
Khhkkhkkhhkhhkhr kbbb khdhh
Pairing computed

Processed frame: 1

Vineyard computed

simplex_dionysus.txt X
0

1

2

01

12

02

values_dionysus.txt X
0.1 0.2 6.3

0.1 0.3 0.2
vineyardl.edg X

8.3 inf 0
08.25 inf 0.5
08.25 inf 0.5
0.3 inf 1

% github.com/aghickok/

@ aghickok/PDB  usic 0 otcasons

© Code @ lsswes 11 Pullrequests  © Acions 3 Projects

ar (1V > math > arXiv:2210.06424

Mathematics > Algebraic Topology

Yrox o | % swo Access Paper:
[Submited on 12 0ct 2022 (v, lat reised 19 Sep 2023 (1 versin, v2)] View PDF
© Seurty c ing Persi: Diagram TeX Source
Other Formats
Abigail Hickok i) pe—

Computpersstonce iagram (PD) bundies, a Vineyards, were Introduced as a way to sudy T
aghickok Create READMEd  bases 2 O pundes the pe of a set of filrations bya B. Inthis paper, we <prev | next>
present an algorithm for computing plecewise-linear PD bundies, a wide class that includes many of new | recent | 2022-10
O PoBpy ‘Add PDB algorithm 2yearsage [ Readme the PD bundies that one may encounter in practice. Full details are given for the case in which B is a Change to browse by:
A Aciity triangulated surface, and we outline the generalization to higher dimensions and other cases. ® oo
[ READMEm CosRUAONE.  zyemse " s
[ Comments: 21 pages 8 tgurs. Expostory changes throughout -
s Rl A P08 sl ? “ @ 1 watching Subjects: Algebraic Topology (math.AT): Computational Geometry (¢s.CG) References & Citations
¥ Olorks MSG classes: S51e1, <smoe, canis NASAADS
(11 README Report repository Cite as: arXv:2210.06424 [math. AT) mmcs"gh‘:m
(or2X02210.06424v2 [math AT) o i version)
Roleasos 1601 /10485501 221006424 © Export BIGTeX Cltation
Compute persistence diagram bundles, as described in - .
the preprint: https://arxiv.org/abs/2210.06424 No releases published
Packages
>>> exec(open('PDB.py').read())
>>> v1 = Simplex(nodes=np.array([1]), val=np.expand_dims([.1,.1],axis=0)); v1.curr_idx = 0
>>> v2 = Simplex(nodes=np.array([2]), val=np.expand_dims([.2,.3],axis=0)); v2.curr_idx = 1
>>> v3 = Simplex(nodes=np.array([3]), val=np.expand_dims([.3,.2],axis=0)); v3.curr_idx = 2
>>> @1 = Simplex(nodes=np.array([1,2]), val=np.expand_dims([.4,.4],axis=0)); el.curr_idx = 3
>>> @2 = Simplex(nodes=np.array([2,3]), val=np.expand_dims([.5,.5],axis=0)); e2.curr_idx = 4
>>> @3 = Simplex(nodes=np.array([1,2]), val=np.expand_dims([.6,.6],axis=0)); e3.curr_idx = 5
>>> simplices = [v1,v2,v3,e1,e2,e3]
>>> x = RU(simplices)
>>> x.swap(v2,v3)
False
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+ vine_swap() r1/2
T e R T T O

Matrix< PersistenceMatrixOptions >:index
Gudhiz:persistence_matrix::Matrix< PersistenceMatrixOptions

>::vine_swap ( index columnindexl,
index columnindex2
)
Linice
Only il if Per: Aatri _vine_update is true and if it is either a chain ma-

trix or i i

N _type is set to Column_indexa-
tion_types::IDENTIFIER. Does a vine swap between two faces which are consecutives in the filtration.
Roughly, if F is the current filtration represented by the matrix, the method modifies the matrix such
that the new state corresponds to a valid state for the filtration F’ equal to F' but with the two given
faces at swapped positions. Of course, the two faces should not have a face/coface relation which each
other ; F' has to be a valid filtration. See [21] for more information about vine and vineyards.

Parameters
columnindex1l Matidx index of the first face.
columnindex2 Matldx index of the second face. It is assumed that the Posldx of both only differs by one.

Returns

Let pos1 be the Posldx index of columnIndexl and pos2 be the Posldx index of columnIndex2 . The CONTACT
method returns the Matldx of the column which has now, after the swap, the Posldx maz(pos1, pos2).

operator-
remove_column
remove_last

. + remove_ column()
remove_maximal_face -
remove_maximal_face template<class PersistenceMatrixOptions >
set_characteristic

void ii:persistenc ix::Matrix< Persi
swap_coumns >::remove_column - ( index columnindex )
swap_rows
update_representative_cycles
vine_swap
vine_swap

Only available for base matrices without column compression and if

vine_swap_with_z_eq_1_case :
Per ix

,_map_column_container is true. Otherwise, see remove_last.
vine_swap_with_z_eq_1_case

] Erases the given column from the matrix. If PersistenceMatrixOption: as_row_access is also true,
zero_cell the deleted column cells are also automatically removed from their respective rows.
zero_column
2ero_column Parameters
swap .
columnindex Matldx index of the column to remove.
» Base_matrix

~ Base_matrix_with_column_compression

~Raca nairina

€ 5 C % bitbucketorg/jlazovskis/phat-sirup/src/master/
@ Pulrequests Repositories  Projects

README.md

ar <1V > math > arXiv:2312.03925

PHAT-sirup

Afork of the Persistent Homology Algorithm Toolbox for when simplices are removed from the
b filtrations, using the SIRUP algorithm to compute updates to the barcode and representative cucles.
This code is developed and maintained by Barbara Giunti and Janis Lazovskis.

> Algebrai

[Submitted on 6 Dec 2023 (v1), last revised 22 May 2025 (this version, v2)]
Pruning vineyards: updating barcodes and
representative cycles by removing simplices .

* (source software) Phat - Persistent Homology Algorithms Toolbox, 2017 (Bauer, Kerber,
Reininghaus, Wagner)

(updates to persistent homology) Vines and vineyards by updating persistence in linear time,

2006 (Cohen-Steiner, Edelsbrunner, Morozov)

(SIRUP algorithm) Pruning vineyards: updating barcodes and representative cycles by

removing simplices, 2025 (Giunti, Lazovskis)

Barbara Giunti, Janis Lazovskis

The barcode of a filtration and its representative cycles encode rich information often
useful in data analysis. However, obtaining them can be computationally expensive.
Therefore, it is useful to have methods that update them if the associated filtration
undergoes small changes. There are already efficient algorithms updating a barcode if
simplices exchange entrance order or are added, but not if simplices are removed. We

P | simplex_sirup.bmat x P | simplex_sirup.updates
provide an implementation to update a reduced boundary matrix when simplices in the - -
filtration are removed. Our algorithm, the Simplicial Removal Update Procedure 18 remove 5
(SIRUP), updates also the cycles, and is compatible with the 2 e
twist We show that the of our algorithm is lower than 3 2}
recomputing the barcode from scratch and that the number of executed matrix column 101
additions is minimal, with both theoretical and experimental methods. N 1 ; :

$ g++ -0 phat_sirup phat.cpp -std=c++20 -I ../include/

$ ./phat_sirup --ascii \

--bmat in simplex sirup bmat \ P simplex_sirup_reduced.bmat x P simplex_sirup.opmat
--bmat_out simplex_sirup_reduced.bmat \ s 2 a1
--opmat_out simplex_sirup.opmat \ 1 804 Y

» : : 2 5 112 5 84
--pairs_out simplex_sirup.pairs . A 8800

$ ./phat_sirup --ascii \

--bmat_in simplex_sirup_reduced.bmat \ ]
--opmat_in simplex_sirup.opmat \ 3
--updates simplex_sirup.updates \

--pairs_out simplex_removed_sirup.pairs

b simplex_sirup.pairs

NN
~uw

*

[Q search o

x

x
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< G % homclouddev/indexenheml % @ J.Phys. Soc.Jpn. 91, 091013 (2022) 12 Pages] evious Arice | Next Artice

SPECIAL TOPICS: Hyper-Ordered Structures: Racent Progress and Future Perspectives

HomCloud FrontPage ~ Download ~ Documents  Old versions

Persistent Homology Analysis for Materials Research and Persistent
Homology Software: HomCloud

(Japanese) (English)
’\‘(ﬂCV\;"\ Crl'}{ (q‘ ‘J “'S HomCloud _M

s takamora? ©, and

HomCloud is a data analysis software based on persistent homology.
The software is developed mainly by Ippei Obayashi.

Conferences > 2018 IEEE 8th Symposium on La... @ o

Lifted Wasserstein Matcher for Fast and
Robust Topology Tracking

Publisher: IEEE

<« @ % topology-toolkkit githubio * @

HomCloud is free software, and you can use it freely.

ing the mathematica

Volume-Optimal Cycle: Tightest Representative Cycle of a
Generator in Persistent Homology

TTK Home EXAMPLES VIDEOS i INSTALLATION DOCUMENTATION EVENTS CONTRIBUTE CoNTACT

Download the latest version
TTK Online Example Database [Mélanie Plainchault; Bruno Conche ; Julien Tiery ~All Authors. Author:Ippel Obeyashi | AITHORS NPD & APTLUTIONS
- « HomCloud latest(4.8.0) https

“retea. [ 00 =8 DM

L o README
" o NEWS m

01137/A7MI159430

ot

s

7 L) e « HomCloud 2.9.0
i Avstract + HomCloud 3.6.0
/| > Tracking Fromm Ctitical Poihts example This paper presents a robust and efficient method for tracking The latest I tabl Abstract
/ - = .. ool e -y s e St ck @ latest version is also available on pypi. e resent pper o ettt of-—ss vl s st e for
. P . respect to the Wasserstein metric. This fundamentally relies on solving " eles provide conerete n:dgupnm;
Efficient, .generic and easy. ( the asignment probiem, a pecialcase o optimol ransport,for ol i o vlu o o X
Topological data analysis andfVisualization conacie imesiap Ou s e on o i crsis oo s § e iy
e ey gt o e oo o it pereenee persstent homology.We can solve the optimization problem using inear programming. For an alpha
diagrams in an efficient way. Second, we propose an extension of the fltration on [R", volume-optimal cycles on an (n — 1)st persistence diagram are more efficiently
Wasserstein metric that significantly improves the geometrical stability a The also provides a
of the matching of domain-embedded persistence pairs. We show that than cycles. The key mathematical idea used

here is Alexander dualty.

o

Watch on @ Vaiibe

News Pipeline description
TTK 1.3.0is out! Download it and i exampie loads a.20 time-vary

rg the modu

fieldmodeling a mixing von Karman vortex

. M(“\l‘h(‘ z.e

<« C 2 bitbucket.org/remere/optiperslp/src/master/ * @ Home » Optimizationin the Real World > Conference paper
@ Pulrequests Repositories Projects Searcl |e 0 ?Ptlm-al Cyc!es for petsstent 1 el
— } gy Via Linear Progr g W
. Conference paper | FistOniine:1 January 2015
README.md = PP79-96 | itethisconference paper
optipersip

a u 5S y’“\‘.' W‘Qe 676\0) & o OptiPersLP - optimal cycles in N :‘“‘“M
/

persistence via linear programming.

Commits Emerson . Escolar [ Yasuaki Hirsoka

-

13 Branches Build and compilation m
19 Pull requests

Prerequisites

B 1936 Accesses [)16 citations
<« Cc 25 openappliedtopology.github.io g ® @ Pipelines « Tools needed
© A working C++ compiler that supports C++14.
& Deployments © GNU build system (autotools) Abstract
' Jiraissues @ libtool
- o Python Inthiswork,
Open Applied Topology O seorts + Dopandonces
o CGAL: 5.0 or newer. If you want to use an older version of ofthe optimal t0a Ry inserting
B Downloads CGAL, try an older version from the download page. x
= Version 11 (around CGAL 4.91) i Dbirth,
Open Applied Topology (OAT) is a software library for beginners and advanced users. We = Version 1.21 (up to CGAL 4.14) diagram,
. . ) ) ) ) . o GLPK
provide efficient, flexible tools for applied topology, built on a foundation of high-performance o BOOST

linear algebra solvers designed specifically for topological applications. Whether you're
computing persistent homology, visualizing data, or developing new topological methods, OAT
offers both complete analysis pipelines and the fundamental building blocks to create your own.

© ..and their respective dependencies




1. (task) Implement a graphical user interface (point and click) to visualize and modify a dataset and its PH information.

2. (exploratory + task) What properties (oracle answers) should a dynamic PH data structure have, to accomocate all
possible dynamic changes? Implement it.

3. (inverse problem) Given a choice of cycle representatives, does there exist a barcode algorithm that produces them?

(a) (exploratory) What is the set / space of barcode algorithms? Can they be listed / sampled from?
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